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Abstract. It is well known that the validity of the so called Lenard- 
Magri scheme of integrability of a bi-Hamiltonian PDE can be estab- 
lished if one has some precise information on the corresponding 1st vari- 
ational Poisson cohomology for one of the two Hamiltonian operators. 
In the first part of the paper we explain how to introduce various coho- 
mology complexes, including Lie superalgebra and Poisson cohomology 
complexes, and basic and reduced Lie conformal algebra and Poisson 
vertex algebra cohomology complexes, by making use of the correspond- 
ing universal Lie superalgebra or Lie conformal superalgebra. The most 
relevant are certain subcomplexes of the basic and reduced Poisson ver- 
tex algebra cohomology complexes, which we identify (non-canonically) 
with the generalized de Rham complex and the generalized variational 
complex. In the second part of the paper we compute the cohomology of 
the generalized de Rham complex, and, via a detailed study of the long 
exact sequence, we compute the cohomology of the generalized varia- 
tional complex for any quasiconstant coefficient Hamiltonian operator 
with invertible leading coefficient. For the latter we use some differential 
linear algebra developed in the Appendix. 
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1. Introduction 

The theory of Poisson vertex algebras is a very convenient framework for 
the theory of Hamiltonian partial differential equations [BDSK]. 

First, let us introduce some key notions. Let V he a unital commutative 
associative algebra with a derivation d. The space 0_i = V/dV is called the 
space of Hamiltonian functions, the image of /i G in g_i being denoted 
by Jh. The Lie algebra go of all derivations of V, commuting with d, is 
called the Lie algebra of evolutionary vector fields. Its action on V descends 
to 

A X-bracket on 1/ is a linear map V ® V ^ F[A] iSi V , a ® b i-^ {dxb}, 
satisfying the following three properties {a,b € V): 



(sesquilinearity) {daxb} = —X{axb}, {axdb} = {d + X){axb}, 

(skewcommutativity) {bxa} = —{a^g^xb}, 
where d is moved to the left, 

(Leibniz rule) {axbc} = {axb}c + b{axc}. 

Denote by gi the space of all A-brackets on V. 

One of the basic constructions of the present paper is the Z-graded Lie 
superalgebra 

(1.1) w^'"^ (uv) = (ng.i) e go e (ngi) e . . . , 

where g_i, go and gi are as above and Ilgj stands for the space Qi with re- 
versed parity. For J f, Jg IIg_i, X,Y Qq and H G Ilgi the commutators 
are defined as follows: 

(1.2) [Jfjg] = 0, 

(1-3) [Xjf] = fXif), 

(1.4) [X,Y] = XY-YX, 

(1.5) [{.x.}Hjf]ig) = {fx9}H\x=o^ 

(1-6) {fx9}[x,H] = Xafxg}H)-{X{f)xg}H-{fx,X{g)}H. 

In Section 5 we construct explicitly the whole Lie superalgebra W'^'^^{IIV), 
but for applications to Hamiltonian PDE one needs only the condition 
[H, K] = ior H,K e Uqi, which is as follows {f,g, h eV): 

(1-7) {{fx9}KX+,.h}H-{fx{gf^h}K}H + {9Mxh}K}H + {H ^ K) =0. 

A A-bracket { • a • } = { • A • is called a Poisson A-bracket if [H, H] = 0, 
i.e., one has 

(Jacobi identity) {fxlg^M} - {^mI/a^}} = {{fxg}x+f,h}. 
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The differential algebra V, endowed with a Poisson A-bracket , is called a 
Poisson vertex algebra (PVA) [DSKl]. Two Poisson A-brackets {. x .}h and 
{■ x-}k on V are called compatible if (1.7) holds, which means that their 
sum is a Poisson A-bracket as well. 

One of the key properties of a PVA V is that the vector space V/dV 
carries a well-defined Lie algebra structure, given by 

(1.8) {Ifj9}=I{fx9}\x=o^ f^aeV. 

Moreover, V is a. left module over the Lie algebra V/dV with the well-defined 

action 

(1-9) {//,5} = {/a5}L=o' f^9&V, 

by derivations, commuting with d, of the associative product in V and of 
the A-bracket. In particular, all the derivations = {f f , .} of V are 
evolutionary; they are called Hamiltonian vector fields. 

Two Hamiltonian functions J f and J g are said to be in involution if 

(1-10) {Ifj9}=0. 

Given a Hamiltonian function //i S V/dV and a Poisson A-bracket on V, the 
corresponding Hamiltonian equation is defined by the Hamiltonian vector 
field X'': 

(1.11) ^ = {fh,u], ueV. 

The equation (1.11) is called integrable if Jh is contained in an infinite- 
dimensional abelian subalgebra of the Lie algebra V/dV with bracket (1.8). 
Picking a basis //lo = i /^i Jh2, ■ ■ ■ of this abelian subalgebra, we obtain 
a hierarchy of integrable Hamiltonian equations 

(111 

(1.12) ={fhn,u}, nGZ+, 

dtn 

which are compatible since the corresponding Hamiltonian vector fields X^" 
commute. 

The basic device for proving integrability of a Hamiltonian equation is the 
so-called Lenard-Magri scheme, which is the following simple observation, 
first mentioned in [GGKM] and [Lax]; a survey of related results up to the 
early 90's can be found in [Dor]. Suppose that the differential algebra V is 
endowed with two A-brackets {■ x ■}h and {■ x ■}k and assume that: 

(1.13) {fhn,u}^ = {Jhn+i,u]j^, n£Z+,ueV, 

for some Hamiltonian functions Jhn V/dV. Then all these Hamilton- 
ian functions are in involution with respect to both brackets {■ x ■}h and 
{.x.}k onV/dV. 

Note that we do not need to assume that the A-brackets are Poisson nor 
that they are compatible. These assumptions enter when we try to prove 
the existence of the sequence, / hn, satisfying (1.13), as we explain below. 
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Indeed, let H, K € Ilgi be two compatible Poisson A-brackets on V . 
Since [K,K] = 0, it follows that {adK)"^ = 0, hence we may consider 
the variational cohomology complex iW^'^iJiV) = 0°^„i VFj, ad if), where 
W-i = ng_i, Wq = go, Wi = Ilgi,.... By definition, X G Wq is closed 
if, in view of (1.6), it is a derivation of the A-bracket {-x-^k^ and it is 
exact if, in view of (1-5), X = {/ia"}a'|;^=o for some h G W^i. Now we 
can find a solution to (1.13), by induction on n as follows. By Jacobi iden- 
tity in VF^'^"(ny) we have [K, [H, K]] = -[H, [K, which, by inductive 
assumption, equals —[H,[H,hn-i]] = 0, since [H,H] = and H £ Wi is 
odd. Thus, the element [H, hn~i] G Wo is closed. If this closed element is 
exact, i.e., it equals [K, hn] for some hn G W-i, we complete the n^^ step of 
induction. In general we have 

(1.14) [H,K-l] = [K,hn]+an, 

where a„ is a representative of the corresponding cohomology class. Looking 
at (1.14) more carefully, one often can prove that one can take a„ = 0, so 
the Lenard-Magri scheme still works. 

The cohomological approach to the Lenard-Magri scheme was proposed 
long ago in [Kra] and [Oil]. However, no machinery has been developed 
in order to compute this cohomology. In the present paper we develop 
such a machinery by introducing a "covering" complex {W^'^ , ad K) of the 
complex {W'^'^^,adK), whose cohomology is much easier to compute, and 
then study in detail the corresponding long exact sequence. 

What does this have to do with the classical Hamiltonian PDE, like the 
KdV equation? In order to explain this, consider the algebra of differential 
polynomials Ri = ¥[u'f'^\i = 1, ...,£; n £ Z+J with the derivation d, defined 

on generators by 9(nj"'*) = u^^~^^K Here one should think of the Ui as func- 
tions, depending on a parameter t (time), in one independent variable x, 
which is a coordinate on a 1-dimensional manifold M, and of d as the deriv- 
ative by X, so that n^"^ is the n*^ derivative of Ui. Furthermore, one should 
think of fh G Rt/dRt as J j^^hdx since Ri/dRi provides the universal space 
in which integration by parts holds. 

It is straightforward to check that equation (1.11) can be written in the 
following equivalent, but more familiar, form: 

where |^ is the vector of variational derivatives 

(1.16) ^ = E (-ar- 



5ui ^ fiiS"''^ 



and H{d) = {Hij{d))l is the £x£ matrix differential operator with entries 
Hij{d) = {ujQUi}^. Here the arrow means that d should be moved to the 
right. It is not difficult to show that the skewcommutativity of the A-bracket 
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is equivalent to skewadjointness of the differential operator H{d), and, in 
addition, the validity of the Jacobi identity of the A-bracket is, by definition, 
equivalent to H{d) being a Hamiltonian operator. Furthermore, the bracket 
(1.8) on Ri/dRi takes the familiar form 

(I.IT) Uf.U}-Jt{HiS)'£). 

and one can show that this is a Lie algebra bracket if and only if H{d) is a 
Hamiltonian operator [BDSK]. 

Given A-brackets {uixUj} = —{uj_Q_^Ui} G Re[X\ of any pair of generators 
Ui,Uj, one can extend them uniquely to a A-bracket on Ri, which is given 
by the following explicit formula [DSKl] 

(1.18) {hg}= -J^i^+^r{^^^^x^JUi-^-^r^■ 

This A-bracket defines a PVA structure on R^ if and only if the Jacobi 
identity holds for any triple of generators Uj, Uj, Uk [BDSK]. 

The simplest example of a Hamiltonian operator is the Gardner- Faddeev- 
Zakharov (GFZ) operator K{d) = d. It is the observation in [Gar] that the 
KdV equation 

(1.19) ^ = 3uu+cu"', cGF, 
can be written in a Hamiltonian form 

(1.20) — = D—^ , where hi = -{u^ + cuu") , 
at ou 2 

and it is the subsequent proof in [FZ] that KdV is a completely integrable 
Hamiltonian equation, that triggered the theory of Hamiltonian PDF. The 
corresponding A-bracket on Ri is, of course, given by the formula {uxu} = A, 
extended to Ri®Ri^ F[A] ® Ri by (1.18). 

In a subsequent paper [Mag], Magri showed that the operator H{d) = 
u' + 2ud + cd^ is Hamiltonian for all c G F, that it is compatible with the 
GFZ operator, and that the KdV equation can be written in a different 
Hamiltonian form 

(1.21) ^ = (^' + 2n9 + c93)^, where /ii = -^2. 
at ou 2 

Moreover, he explained how to use this to prove the validity of the Lenard- 
Magri scheme ^, which gave a new proof of integrability of KdV and some 
other equations. 



^Since in the literature the names Lenard and Magri scheme are alternatively used, 
we decided to call it the Lenard-Magri scheme. The history of Lenard's contribution 
is colorfully described in [PS], where one can also find an extensive list of subsequent 
publications on the subject. 
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Of course, the A-bracket corresponding to the Magri operator is given by 

(1.22) {uxu} = {d + 2X)u + cX^ , 

which defines (via (1.18)) a PVA structure on Ri for ah values of c G F. 

The reader can find a detailed exposition of the applications of PVA to 
Hamiltonian PDE in the paper [BDSK], where, in particular, some sufficient 
conditions for the validity of the Lenard-Magri scheme and its generaliza- 
tions are found and applied to the proof of integrability of many important 
equations. However many Hamiltonian equations remain out of reach of the 
methods of [BDSK], but we think that the cohomological approach is more 
powerful (though less elementary) and we are planning to demonstrate this 
in a subsequent paper. 

In order to make our ideas clearer (or, perhaps, more confusing) we begin 
the paper with a long digression, which goes from Section 2 through Section 
10, to a general approach to various cohomology theories (in fact, the reader, 
interested only in applications to the theory of integrable Hamiltonian PDE, 
can, without much difficulty, jump to Section 11). 

In Section 2, given a vector superspace V, we consider the universal Z- 
graded Lie superalgebra W{V) = ®j>-iWj{V) with W-i(y) = V. Uni- 
versality here is understood in the sense that, given any other Z- graded Lie 
superalgebra q = ©j>-i0j with 0_i = V, there exists a unique, grading 
preserving homomorphism g — > W(y), identical on V. It is easy to show 
that Wj{V) = Ilom.{S^~^^{V),V) for all j > —1, and one can write down 
explicitly the Lie superalgebra bracket. In particular, VFo(y) = Endy and 
Vl^i(y) = Hom(5'^y, V), so that any even element of the vector superspace 
W^i(y) defines a commutative superalgebra structure on V (and this corre- 
spondence is bijective). 

On the other hand, as observed in [CK], any odd element X of the vector 
superspace Wi (HV) defines an skewcommutative superalgebra structure on 
V by the formula 

(1.23) [a,b] = {-lf'^''^X{a®b), a,beV, 

where p is the parity on V. Moreover, this is a Lie superalgebra structure if 
and only if [X, X] = in VF(ny). Thus, given a Lie superalgebra structure 
on V, considering the corresponding element X € VFi(ny), we obtain a 
cohomology complex {C* = (BjezC^ , ad X), where = Wj+iCUV), and it 
turns out that C* = C'(y,V) coincides with the cohomology complex of 
the Lie superalgebra V with coefficients in the adjoint representation. More 
generally, given a module M over the Lie superalgebra V, one considers, 
instead of V, the Lie superalgebra V t< M with M an abelian ideal, and by 
a simple reduction procedure constructs the cohomology of the Lie superal- 
gebra V with coefficients in M. This construction for V purely even goes 
back to the paper [NR] on deformation theory. 

In Section 3, assuming that V carries a structure of a commutative as- 
sociative superalgebra, we let W!^i{IlV) = UV, W^(IIV) = BeiV, the 
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subalgebra of all derivations of the superalgebra V in the superalgebra 
Endny = Endl/ (the superscript "as" stands for "associative"). Let 
W^iUV) = ®j>-iWp{UV) be the full prolongation in the Lie superal- 
gebra VF(ny), defined inductively for j > 1 by 



Then odd elements X in VF^f'^(ny), such that [X, X] = 0, bijectively corre- 
spond to Poisson algebra structures on V (with the given commutative asso- 
ciative superalgebra structure). In this case the complex (VF'*'^(ny), ad X) is 
the Poisson cohomology complex of the Poisson superalgebra V (introduced 
in [Lie]). 

Incidentally, one can introduce a commutative associative product on 
iy^*^(ny), making it (along with the Lie superalgebra bracket) an odd Pois- 
son (= Gerstenhaber) superalgebra. Here we observe a remarkable duality 
when passing from IIV to V: W^{V) is an (even) Poisson superalgebra, 
whereas the odd elements of VFf'^(y) correspond to odd Poisson superalge- 
bra structures on V. 

Next, in Section 4 we consider the case when V carries a structure of 
an ¥[d] -module. Here and throughout the paper ¥[d], as usual, denotes 
the algebra of polynomials in an (even) indeterminate d. Motivated by the 
construction of the universal Lie superalgebra VF(ny), we construct a Z- 
graded Lie superalgebra W^{UV) = ©^.^Wf (HI/), which, to some extent, 
plays the same role in the theory of Lie conformal algebra as VF(ny) plays 
in the theory of Lie algebras (explained above). 

Recall that a Lie conformal algebra is an F[(9]-module, endowed with the 
A-bracket, satisfying sesquilinearity, skewcommutativity and Jacobi identity 
(introduced above). In other words, a Lie conformal algebra is an analogue 
of a Lie algebra in the same way as a Poisson vertex algebra is an analogue 
of a Poisson algebra. 

We let W^^{UV) = U{V/dV) and W^{UV) = Endpp] V, and construct 
as a prolongation in W{Il{V/dV)) (not necessarily full), so that 
odd elements X € W^f (HI/) parameterize sesquilinear skewcommutative A- 
brackets on V, and the A-bracket satisfies the Jacobi identity (i.e., defines 
on y a Lie conformal algebra structure) if and only if [X, X] = 0. 

In the same way as in the Lie algebra case, we obtain a cohomology 
complex (M^^(Hy), ad X), provided that [X, X] = for an odd element X € 
W^f (ny), and this complex (after the shift by 1), is the Lie conformal algebra 
cohomology complex with coefficients in the adjoint representation. In the 
same way, by a reduction, we recover the Lie conformal algebra cohomology 
complex with coefficients in any representation, studied in [BKV], [BDAK], 



Next, in Section 5 we consider the case when V carries both, a structure 
of an F[9]-module, and a compatible with it commutative algebra structure, 
in other words, y is a differential algebra. Then in the same way as above. 




[DSK2]. 



10 



ALBERTO DE SOLEi AND VICTOR G. KAC^ 



we construct the Lie superalgebra W '^^{HV) (cf. (1-1)) as a Z-graded 
subalgebra of W^{UV), for which W^f{UV) = W^^{UV) = U{V/dV), 

Wo'^'^UV) = Derpp] V C W^iUV) = End^g] V, and wf'^^iUV) is such 
that its odd elements X parameterize all A-brackets on the differential alge- 
bra V, so that those satisfying [X, X] = correspond to PVA structures on 
V. This explains the strange notation (1.1) of this Lie superalgebra. 

In Section 6 we construct the universal Lie conformal superalgebra W'^{V) 
for a finitely generated F[(9]-supermodule V, and in Section 7 we construct 
the universal odd Poisson vertex algebra W^'^(n.V) for a finitely generated 
differential superalgebra V. These constructions are very similar in spirit to 
the constructions of the universal Lie superalgebras W'^{V) and W^'^{V), 
from Sections 4 and 5 respectively. The finitely generated assumption is 
needed in order for the corresponding A-brackets to be polynomial in A. 

Note that in the definition of the Lie algebra bracket on V/dV, and its 
representation on V, as well in the discussion of the Lenard-Magri scheme, 
we needed only that is a Lie conformal algebra. However, for practical 
applications one usually uses PVA's, and, in fact some special kind of PVA's, 
which are differential algebra extensions of Ri with the A-bracket given by 
formula (1.18). For such a PVA V we construct, in Sections 9 a subalgebra 
of the Lie algebra W'^^''%UV) 

where Wlf = W^f, but Wp' for j > may be smaller. For example Wq™' 
consists of derivations of the form '^i<j<£Pj,n %) , commuting with d, and 

it is these derivations that are called in variational calculus evolutionary 
vector fields. Next, consists of all A-brackets of the form (1.18), etc. 

We call elements of W^^^ the variational k-vector fields. 

There has been an extensive discussion of variational poly-vector fields 
in the literature. The earliest reference we know of is [Kup], see also the 
book [012]. One of the later references is [IVV]; the idea to use Cartan's 
prolongation comes from this paper. 

In order to solve the Lenard-Magri scheme (1-13) over a differential func- 
tion extension V of with the A-brackets { . , .}h and { . , . }a' of the 
form as in (1.18), one has to compute the cohomology of the complex 
(H^™i-(ny),adA'), where K G VF^"^ is such that [K,K] = 0, as we ex- 
plained above. 

In order to compute this variational Poisson cohomology., we construct, 
in Section 10 a Z_|_-graded Lie conformal superalgebra (which is actually 
a subalgebra of the odd PVA W^''^{IiV)) I^™(nF) = ©jy-iW]""' with 

W™ = V , for which the associated Lie superalgebra is l^™''(ny). Since 
the Lie superalgebra iy™''(ni/) acts on the Lie conformal superalgebra 
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14^™(ni/), in particular, K acts, providing it with a differential (Ik, com- 
muting with the action of d. We thus have an exact sequence of complexes: 



(1.24) ^ {dW''''\V),dK) {W^''\V),dK) (VF™''(y),adif) ^ 0, 



so that we can study the corresponding cohomology long exact sequence. 

To actually perform calculations, we identify (non-canonically) the space 
VF^'*'^(ni/) with the space Vt*(y) of the de Rham complex, and the space 
^var^-Qy-j with the space of the reduced de Rham complex = variational 
complex Q.*{V). 

We thus get the "generahzed" de Rham complex {Vr{V),dK) and the 
"generalized" variational complex ad i^). The ordinary de Rham 

and variational complexes are not, strictly speaking, special cases, since 
they correspond to K = I, which is not a skewadjoint operator. However, in 
the case when the differential operator K is quasiconstant, i.e., -^^{K) = 

for all n, the construction of these complexes is still valid. 

In Section 11 we completely solve the problem of computation of coho- 
mology of the generalized de Rham complex {Vt'{y),dK) in the case when 
y is a normal algebra of differential functions and X is a quasiconstant ma- 
trix differential operator with invertible leading coefficient. For that we use 
"local" homotopy operators, similar to those introduced in [BDSK] for the 
de Rham complex. 

After that, as in [BDSK], we study the cohomology long exact sequence 
corresponding to the short exact sequence (1.24). As a result we get a com- 
plete description of the cohomology of the generalized variational complex 
for an arbitrary quasiconstant £ x £ matrix differential operator K of order N 
with invertible leading coefficient. In fact, we find simple explicit formulas 
for representatives of cohomology classes, and we prove that 



provided that quasiconstants form a linearly closed differential field. These 
results lead to further progress in the application of the Lenard-Magri scheme 
(work in progress). 

In the special case when is a constant coefficient order 1 skewadjoint 
matrix differential operator, it is proved in [Get] that the variational Poisson 
cohomology complex is formal. 

Our explicit description of the long exact sequence in terms of polydif- 
ferential operators leads to some problems on systems of linear differential 
equations of arbitrary order in the same number of unknowns. In the Ap- 
pendix we develop some differential linear algebra in order to solve these 
problems. 

All vector spaces are considered over a field F of characteristic zero. Ten- 
sor products, direct sums, and Hom's are considered over F, unless otherwise 
specified. 
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We wish to thank A. Kiselev for drawing our attention to the cohomo- 
logical approach to the Lenard-Magri scheme, I. Krasilshchik for correspon- 
dence, and A. Maffei for useful discussions. 

2. The universal Lie superalgebra WiV) for a vegtor 

SUPERSPAGE V, AND LlE SUPERALGEBRA COHOMOLOGY 

Recah that a vector superspace is a Z/2Z-graded vector space U = Uq@ 
Ui- If a € Ua, where a G Z/2Z = {0,1}, one says that a has parity 
p{a) = a. In this case we say that the superspace U has parity p. By a 
superalgebra structure on U we always mean a parity preserving product C/® 
U U, a iSi b ab, which is called commutative (resp. skewcommutative) 
if ba = (-l)P('^)P(^)a6 (resp. ba = -(-l)P('^)PWa6). 

An endomorphism of U is called even (resp. odd) if it preserves (resp. 
reverses) the parity. The superspace End(?7) of all endomorphisms of U 
is endowed with a Lie superalgebra structure by the formula: [^4, i?] = 
A o B - {-1)P^^^P^^^ B o A. 

One denotes by HU the superspace obtained from U by reversing the 
parity, namely HU = U as a vector space, with parity p{a) = p[a) + 1. One 
defines a structure of a vector superspace on the tensor algebra T{U) over 
U by additivity. The symmetric, (respectively exterior) superalgebra S{U) 
(resp. /\{U)) is defined as the quotient of the tensor superalgebra T{U) 
by the relations v — (— 1)p(")p{'')i; u (resp. n(8)t; + (-1)P(")P(^) V ® u). 
Note that S{JiU) is the same as /\U as a vector space, but not as a vector 
superspace. 

2.1. The universal Lie superalgebra W{V). Let V he a vector super- 
space with parity p (the reason for this notation will be clear later). We recall 
the construction of the universal Lie superalgebra iy(y) associated to V . 
Let Wk{V) = Hom(S''^+^(y), V), the superspace of {k + l)-linear supersym- 
metric functions on V with values in V, and let VK(y) = ^'kL-i^kiV)- 
Again, we denote its parity by p. We endow this vector superspace with 
a structure of a Z-graded Lie superalgebra as follows. If X € Wh{y), 
Y G Wk-h{V), with h > -1, k > h - 1, we define XBY to be the fol- 
lowing element in Wk{V): 

XDY{vo,...,Vk) 

(2.1) = ^v{io,---,ik)X{Y{vio,...,v^^_J,Vi^_^^^,...,v^^). 

io<---<ik-h 
ik-h+\<---<ik 

Here e„(io, . . . , ifc) = if two indexes are equal, and, for i^, . . . ,ik distinct, 
e^(io, . . . ,ik) = (—1)^, where N is the number of interchanges of indexes 
of odd Vi^s in the permutation. For example, if V is purely even, then 
ey{io, . . . ,ik) = 1 for every permutation, while, if V is purely odd, then 
e^(io, . . . ,ik) is the sign of the permutation a € Sk+i given by a{i) = it. 
The above formula, for h = —1 gives zero, while for k = h — 1 gives 
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X(Y,vo, . . . ,Vk)- Clearly, is a supersymmetric map if both X and 

Y are, hence is a well-defined element of Wk(V). We then define the 

bracket [•,•]: WhiV) x Wk-hiV) Wk{V) by the following formula: 

(2.2) [X, Y] = XDY - (-l)P(^M^)ynx . 

Proposition 2.1. The bracket (2.2) defines a Lie superalgebra structure on 
W{V). 

Proof. The bracket (2.2) is skewcommutative by construction. Moreover, 
it is easy to see that the operation □ is right symmetric, i.e., {X,Y,Z) = 
(_l)p(np(^)(X,Z,y), where iX,Y,Z) = {XnY)aZ - Xa{YaZ). The 
right symmetry of □ implies the Jacobi identity for bracket (2.2). □ 

According to the above definitions, W-i{V) = V, Wo{V) = End{V), and 
the bracket between VFo(^) and W-i{V) is given by the action of End(y) 
on V. Moreover, for X £ WkiV) and Y £ W-iiV) = V, we have 

(2.3) [X,Y]{vi,...,Vk) = X{Y,vi,...,Vk) , vi,...,VkeV, 
while for X G Wo{V) and Y G WkiV), k > -1, we have 

[X,Y]{vo,...,Vk)=X{Y{vo,...,Vk)) 

^^■^^ -(-1)P(^M>^) ^(-l)^^W--^y(.o, . . . X{v.) ...,.,). 

i=0 

Here and further we let, for i < j, 

(2.5) Sij=p{vi)-\ l-pivj). 

Finally, if X G Wi{V) and Y G Wk-iiV), k>0,we have [X, Y] = XDY - 
{-l)p(^)PiY)YaX , where 

k 

XaY{vo, ...,Vk) = J](-l)^^(''»)(P"(^)+^"o-^)x(^,,y(t;o, .:.,t;fc)) , 

(2.6) YaX{vo,...,Vk) 

= (-l)P(^»)^"«'-i+P(^^)(^"«.i-i+P('''))y(X(7;i,t.jO,t'o,--^ • 

0<i<j<k 

In particular, if both X and Y are in VKi(y), we get 
(2.7) 

XaY{vo,vi,V2) = X{Y{vo,Vi),V2) + (,-lf^''^P^"''^X{vo,Y{vi,V2)) 

+ {-l)iPM+P{Y))p{vi)x(^V^^Y{vo,V2)) . 

Remark 2.2. It follows from (2.3) that we have the following universality 
property of the Lie superalgebra T4^(y): for any Z-graded Lie superalgebra 
= ©fc^-i 9k with 0_i = V there is a canonical homomorphism of Z-graded 
Lie superalgebras : g — > VF(y), extending the identity map on V, given 
by 

(j){a){vo,...,Vk) = [. . .[[a,vo],vi],. . . ,Vk] , if /c > . 
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This map is an embedding if and only if q has no ideals in ©;^,>o Qk- 

Remark 2.3. If 1/ is a finite dimensional vector superspace, then 
coincides with the Lie superalgebra of all polynomial vector fields on V 
(this explains the letter W, for Witt). 

Remark 2.4. If V is purely odd, then Ty(y) coincides with the so called 
Nijenhuis-Richardson algebra, which plays an important role in deformation 
theory [NR]. 

2.2. The space W{V, U) as a reduction of W{V © U). Let V and U be 

vector superspaces with parity p. We define the Z+-graded vector super- 
space (with parity still denoted by p) W{V,U) = 0fcg2+ ^k{y^U), where 
Wk{V,U) = Hom(5^+i(l^),C/). 

It can be obtained as a reduction of the universal Lie superalgebra VF(y© 
^7) as follows. We consider the subspace 

(2.8) Hom(5'=+^(y©C/),^7) C Wfc(y©C/), 
defined by the canonical direct sum decomposition 

Wk{V ®U) = Hom(S'=+^(y ©[/),[/)© Hom(5'=+^(T/ ®U),V). 
The kernel of the restriction map X iH> is the subspace 

(2.9) {X G Hom(5'=+i(T/ © [/), U) \ X{S^+^{V)) = 0} C Wk{V © U) . 
Hence we get an induced isomorphism of superspaces 

(2.10) Iiom{S''+\V ®U),U)/{X\X{S''+\V)) = 0} -^WkiV,U). 

Proposition 2.5. Let X € Wh{V © U). Then the adjoint action of X on 
W{V © U) leaves the subspaces (2.8) and (2.9) invariant provided that 

(i) X{wo, . . . , Wh) & U if at least one of the arguments Wi lies in U, 
(a) X{vq, . . . , Vh) £V if all the arguments Vi lie in V . 

In this case adX induces a well-defined map on the reduction W{V, U), via 
the isomorphism (2.10). 

Proof. The proof is immediate from the definition of the Lie bracket (2.2) 
onW{V®U). □ 

Remark 2.6. An element X € M/^i(y © U) defines a commutative (not nec- 
essarily associatve) product • on the superspace V ®U . In this case, con- 
ditions (i) and (ii) in Proposition 2.5 exactly mean that V ■ V C V and 
that {V ®U) - U CU. Moreover, the induced action of adX on W{V, U) is 
independent of the product on U . 
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2.3. Prolongations. Let y be a vector superspace, and let go be a sub- 
algebra of the Lie superalgebra End(y). A prolongation of go is a Z- 
graded subalgebra g = 0^_i Qk of the Z-graded Lie superalgebra = 
®'kL-iWk{V), such that g_i = W-i{V) = V and go coincides with the 
given Lie superalgebra. 

The full prolongation W^°{V) = ©^_i W^%V) of go is defined by letting 
W^{{V) = V, W^^iV) = go and, inductively, for A; > 1, 

W^%V) = {XG Wk{V) I [X,W.i{V)] C Wl'_,{V)} . 

It is immediate to check, by the Jacobi identity, that the above formula 
defines a maximal prolongation of the Lie superalgebra 

2.4. Lie superalgebra structures. By definition, the even elements X G 
VFi(F) are exactly the commutative (not necessariy associative) superalge- 
bra structures on V: for X € VFi(y)o we get a commutative product on V by 
letting uv = X{u,v). Similarly, the skewcommutative superalgebra struc- 
tures on a superspace L with parity p are in bijective correspondence with 
the odd elements of Wi{UL): for X £ Wi{UL) I , we get a skewcommutative 
product on L by letting 

(2.11) [a,b] = {-lf^''^X{a,b) , a,beL, 

and vice- versa [CK]. 

Furthermore, let X € Wi(IlL)i, and consider the corresponding skew- 
commutative product (2.11) on L. The Lie bracket of X with itself then 
becomes, by (2.7), 

[X, X] (a, b, c) = 2XDX{a, b, c) 

= _(_i)PW2{[a, [b,c]] - (-1)pWpW[6, [a,c]] - [[a,b],c]] . 

Hence, the Lie superalgebra structures on L are in bijective correspondence, 
via (2.11), with the set 

(2.12) {X G Wi(UL)i I [X, X]=0}. 

Therefore, for any Lie superalgebra L, we have a differential dx = adX, 
where X in (2.12) is associated to the Lie superalgebra structure on L, on 
the superspace W{IIL). This coincides, up to a sign in the formula of the dif- 
ferential, with the usual Lie superalgebra cohomology complex (C*(L, L), d) 
for the Lie superalgebra L with coefficients in its adjoint representation (in 
equation (2.15) below we give an explicit formula for the differential dx for 
an arbitrary representation M). Thus the complex C'{L,L) has a canoni- 
cal Lie superalgebra structure for which the differential dx (but not d) is a 
derivation. 

In the next section we construct, by reduction, the Lie superalgebra coho- 
mology complex {C*{L,M),d) for the Lie superalgebra L with coefficients 
in an arbitrary L- module M. 



16 



ALBERTO DE SOLEi AND VICTOR G. KAC^ 



2.5. Lie superalgebra modules and cohomology complexes. Let L 

and M be vector superspaces with parity p, and consider the reduced super- 
space W{IlL,IiM) = 0^_iHom(5'=+i(nL),nM) introduced in Section 
2.2, with parity denoted by p. 

Suppose now that L is a Lie superalgebra and M is an L-module. This is 
equivalent to say that we have a Lie superalgebra structure on the superspace 
L © M extending the Lie bracket on L, such that M is an abelian ideal, the 
bracket between a £ L and m & M being a{m). According to the above 
observations, such a structure corresponds, bijectively, to an element X of 
the following set: 



(2.13) \X eWi{UL®UM)i 



[X,X] = 0,X{L,L) C L, 
X{L,M) C M, X{M,M) = 

Explicitly, to X in (2.13) we associate the corresponding Lie superalgebra 
bracket on L given by (2.11), and the corresponding L-module structure on 
M given by 

(2.14) a(m) = (-l)f(")x(a,m) , oGL, mGM. 

Note that every element X in the set (2.13) satisfies conditions (i) and (ii) 
in Proposition 2.5. Hence adX induces a well-defined endomorphism dx of 
VF(nL,nM) such that d\ = 0, thus making {W{IlL,TlM),dx) a complex. 
The explicit formula for the differential dx follows from equations (2.6) and 
from the identifications (2.11) and (2.14). For Y G VFfc_i(nL, ITM), we have 



k 



(2.15) 



where, 



{dxy){aQ, . . . , Ofc) = ^(-l)"'ai(y(ao, . : ., Ofc)) 



i=0 



+ Yl {-^T''yi[ai,aj],ao,.:..:.,ak), 

0<i<j<k 



Oi = l + {p{ai) + l){p(Y) + so,^^l + i + l), 

(2.16) atj = p{Y) + {p{ai) + l){so,i-i + i + 1) 

+(p(oj) + l)(soj-i +j +p{a'i) + 1) , 

and, recalling (2.5), we let, for i < j, 

(2.17) Sij=p{ai)-\ \-p{aj). 

Note that, in the special case when M = L is the adjoint representation, 
the complex {W{IlL,IlM),dx) coincides with the complex {W{IlL),dx) 
discussed in Section 2.4. In the special case when L is a (purely even) Lie 
algebra and M is a purely even L-module, we have p(Y) = k mod 2, and 
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the above formula reduces to 

k 

{dxY){ao, ...,ak) = {-!)' ( ^^(-1^^ (y(ao, . ' ., a^)) 
(2.18) -0 ^ ^ 

+ Yl (-l)'+^^(k, aj],ao,. afc)j , 

0<i<j<k 

which, up to the overall sign factor (—1)'^, is the usual formula for the Lie 
algebra cohomology differential (see e.g. [Bou]). 

In conclusion, the cohomology complex {C*{L, M) = 0^^^^ C''{L, M), d) 
of a Lie superalgebra L with coefficients in an L-module M can be defined 
by letting C''{L,M) = Wk-iiUL,UM) and d = dx. 

Remark 2.7. We have a canonical representation of a Lie superalgebra L on 
each Wk{IlL,UM) = Hom(5'=+i(nL), HM), that we denote hy a ^ La, a G 
L (the Lie derivative). It is easy to check that La = ad[a,X]. Hence, 
defining the contraction operators La = ad a, we have Cartan's formula La = 
[ta, dx]- This, together with the observation that, when M = L is the adjoint 
representation, dx is a derivation of the Lie bracket in W{IIL), leads us to 
believe that our choice of signs for the differential, contractions and Lie 
derivatives in the Lie superalgebra cohomology complex is the most natural 
one. In fact, one checks that the most general choice of signs which keeps 
Cartan's formula valid up to a sign is the following: 

dxiY) = eip{Y))[X,Y] , ta{Y) = 5{p{a))e{p{Y) + l)[a,Y] , 

where e and 5 are arbitrary functions: Z/2Z — )• {±1}. In this case Cartan's 
formula has the form La = 5{p{a))[La, dx]- Our choice of signs is e = (5 = +1. 
The usual choice, see e.g. [Bou], in the case when L and M are purely even, 
is (5 = +1 and e{k) = (—1)'^, which corresponds to (tap (y))(ai, . . . , a^) = 
y(ao,ai, . . . ,Ofc). But this choice cannot be extended to the super case, if 
we require Cartan's formula to hold (up to a sign). 

3. The universal (odd) Poisson superalgebra for a 
commutative associative superalgebra a and poisson 
superalgebra cohomology 

Recall that a Poisson (resp. odd Poisson (=Gerstenhaber)) superalgebra 
V, with parity p, is a commutative associative superalgebra endowed with 
a bracket [• , •] which makes V (resp. liV) a Lie superalgebra, satisfying the 
following Leibniz rule: 

[a, he] - [a, h]c = {-lY^'''^P^^h[a, e] ( resp. = (-l)(P('^)+^)P(^)6[a, c]) . 

Usually the commutative associative product on V is denoted by • in the 
Poisson superalgebra case, and by A in the odd Poisson superalgebra case. 
For example, if {A, q) is a Lie superalgebroid over a commutative associative 
algebra A, then 571(0) has a natural structure of a Poisson superalgebra, and 
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5^(110) has a natural structure of an odd Poisson superalgebra, with the 
bracket on g extended by the Leibniz rule. 

Remark 3.1. If 7-" is a Poisson (resp. odd Poisson) algebra, we can consider 
the opposite Poisson (resp. odd Poisson) algebra with the reversed 
product, and the opposite bracket, [a,6]°P = —[6, a]. 

3.1. The universal odd Poisson superalgebra 111^^^(11^). Throughout 
this section, we let j4 be a commutative associative superalgebra with parity 
p, and let Der(A) be the Lie superalgebra of derivations of A, i.e., linear maps 
X : A satisfying the Leibniz rule X{ab) = X{a)b + (-l)P('^)P('')X(6)a. 

Consider the universal Lie superalgebra VF(n^) = 0fcL-i^A:(n^) as- 
sociated to the vector superspace YIA, with parity denoted by p. The Lie 
superalgebra Der(^) is a subalgebra of Wo(n^) = End(n^), so we can 
consider its full prolongation, as defined in Section 2.3, which we denote by 

oo 

W^IiA) = W^{IiA) c W{IiA) . 

Proposition 3.2. For k > —1, the superspace W^(IIA) consists of lin- 
ear maps X : 5'^"'"^(n^) — > HA satisfying the following Leibniz rule (for 
ao, ■ ■ . ,afc-i,6,c £ A, k > 0): 
(3.1) 

X{ao, Ok-i, be) = Xiao, afc_i, 6)c + {-If^'^P^^^ X (ao , . . . , flfc-i, c)6 . 

Proof. It follows by an easy induction on A; > 0. □ 

Remark 3.3. Equation (3.1) and the symmetry relations imply the following 
more general formula, for every i = 0, . . . ,k: 

X{ao, . . . , bid, ...,ak) = (-l)P(->)(^.+M+fc-)x(ao, . . . , 6„ . . . , ak)ci 
^^■^^ + (-l)P(''')(^(^)+^o.-i+^)6iX(ao, . . . , Q, . . . , afc) , 

where Sij is defined in (2.17). 

We next define a structure of commutative associative superalgebra on 
the superspace in^'^''(n^), making it an odd Poisson superalgebra. Let 
X G nW^l^(nA) and Y G UW^^_f^_^(UA), for h > 0, k - h > 0, and 
denote by p{X) and p(Y) their parities in these spaces. We define their 
concatenation product X AY £ IIW^-^^{IIA) as the following map: 
(3.3) 

(X A y)(ai, . . . , afc) = • • • ' ifc)(-l)^(^)(P"('^'i)+-+^"K)) 

ii<---<ih, 
ih+\<---<ik 

xX(aj^, . . . , ai^)y(aj^^j , . . . ,ai^) , 
where ea{ii, . . . ,ik) is as in (2.1) for the elements oi, . . . , G HA. 
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Proposition 3.4. The Z^-graded superspace G{A) = ®kLo^k{A), where 
Gki-A) = nVF^^-^(nA), with parity denoted by p, together with the concate- 
nation product A : Ghi^) ^ Gk-hi^) ~^ Gki^) given by (3.3), and with the 
Lie superalgebra bracket on 11^(74) = VF^'^(nA), is a Z^-graded odd Poisson 
superalgebra. 

Proof. First, we prove that X f\Y m. (3.3) is an element of ILW^(J1A)., 
namely, it is a map S^(J1A) — > HA and it satisfies the Leibniz rule (3.1). 
For the first assertion, it is convenient to rewrite equation (3.3) as a sum 
over all permutations: 

[XAY){ai,...,ak)= \ Yl ^a{a{l), . . . ,a{k)) 

x(_i)P(>^){pK(i))+-+pKw))X(a,(i), . . . ,a,(,))y(a,(,+i), . . . ,a,(,)) . 

Here we used the symmetry relations for X and Y. Using this, it is then 
immediate to check that 

{X A y)(a^(i), . . . , a^(fc)) = ea(r(l), . . . , T{k)){X AY){ai, . . . ,ak) , 

for all permutations t £ Sk, namely, (X A y)(ai, . . . , a^) is super symmetric 
in the variables ai, . . . , G 11^, as we wanted. Next, we show that X AY 
satisfies the Leibniz rule (3.1). We have 
(3.4) 

{X AY){ai,...,ak^i,bc) = ^ eai,...,afe_i,bc(«i, • • • , ^fc) 

ii<-<ih<k 
ih+i<---<ik=k 

X (-1)P(^)(^^('^H)+-+P-K))x(a,„ . . . , a.jy(a.,^„ . . . , a,,_,,bc) 

+ E . . . , i,)(-l)^(^)(^-K)+-+p-K-,)+p-(^^)) 

ii<---<ih=k 
ih+i<--<ik<k 

xX{ai^ ai^_^ , bc)Y{ai^^^ ,...,ai^). 

In the first term of the RHS of (3.4), we have, since i^ = k, 
(3.5) 

^ai,...,afe_i ,fec(^l ) • • • ) ^fc) f^ai ,...,afe_i ,fe(^l ) • • • 5 ^fc) ^ai ,...,afe_i,c(^l j • • • 5 ^fc) ) 

and we can use the Leibniz rule for Y to get: 



_l_(_l)p{fe)p{c)y(^ 



On the other hand, in the second term of the RHS of (3.4), we have, since 

ih = k, 

(3.6) 

_„6c(il, ...,ik)= 6a„...,a,_„6(n, . . . , i,)(-l)^('=)(^'('^»'.+i)+-+^^K)) 
,e(il,...,4)(-l)"^'^^^^"'''+i^+-+^"^'^'^", 



-ai,...,afc_ 

= Cai,...,aj._ 
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and we can use the Leibniz rule for X and the commutativity of the product 
on A, to get 

X(aii, . • • >«ih-i>M^(«ih+i> ■ ■ ■ 
Furthermore, we have 

(3.7) p{bc) = p{b) + p(c) = + p(c) in Z/2Z . 

Putting the above formulas in equation (3.4), we get the desired Leibniz rule 
for X AY. 

We now prove that formula (3.3) for X AY defines a product on the super- 
space nVl^'^'^(n^) which is both commutative and associative. Recall that 
we are denoting the parity on l^^'^(nA) by p and on nVl^^'^(nA) by p. Hence, 
given ai, . . . , o/i e 11^ and X G Wj^'^iUA) C Rom{S'^IlA, UA), the element 
X{ai, . . . , ah) € HA has parity p{X) + p{ai) + • • • + p{ah)- It follows that 

X(aii, . • • ,ajh)i^(ajh+i' • • • '"^*fe) has parity l+p{X)+p{Y)+p{ai)-\ hp(afc) 

as an element of HA. Hence, X AY has parity 1 + p{X) + p{Y) as an ele- 
ment of Vl^'^''(HA), or, equivalently, it has parity p(X)+p(y) as an element of 
nVF^'^(HA). This shows that nT4^^'^(nA), endowed with the wedge product 
(3.3), is a superalgebra. Since A is a commutative superalgebra, we have 
X{ai^, . . . ,aijY{ai^^^, . . . ,ai^) = ±Y{ai^^^, . . . ,aijX{ai^, . . . ,aij, where 
± = (_i)(p(^)+p-{«n)+-+P>«J)(p(^)+P('^«ft+i)+-+P('^«.)). This immediately im- 
plies the commutativity of the wedge product (3.3). Moreover, given X G 
UW^L^{UA),Y G UW^:f^_^(nA), Z G UWlt^_^(nA), and ai,...,0£ G 
UA, we have, using associativity of A, that both (X A {Y A Z)){ai, . . . , a^) 
and {{X AY) A Z){ai, . . . ,ai) are equal to 

^ ea(ii, . . . ,i^)(-l)P(^)(p('^n)+-+PK.))+P(^)(pK)+-+PKfc)) 

il<---<ih 
ih+l<---<ik 
ik+i<---<ie 

X X(ajj , . . . , aj^)y(aj^^j , . . . , aj^)Z(aij._|_-^ , . . . , a^^) , 

proving associativity of the wedge product. 

To complete the proof of the proposition, we are left to prove that the Lie 
bracket on l^^'^(nA) satisfies the odd Leibniz rule, 

(3.8) [X, Y AZ] = [X,Y]AZ+ (-l)P(^)p(^)y a [X, Z] , 

thus making nVF^'^(H^) an odd Poisson superalgebra. This follows imme- 
diately from the following lemma. 

Lemma 3.5. The left and right Leibniz formulas for the box product (2.1) 
ofW^iUA) hold: 

xa{YAZ) = (xny) AZ + (-i)pWp(^)y A (ZDX), 
^ ' {X AY)az = X A(ynz) + (-i)p(^)p(^)(xnz) Ay. 
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Proof. The first formula in (3.9) is obtained, by a straiglitforward compu- 
tation, using the definitions (2.1) and (3.3) of the box product and of the 
wedge product, and the Leibniz rule (3.2) for X : S'^~^^{UA) UA. The 
second formula in (3.9) is also obtained by a straightforward computation, 
using (2.1) and (3.3). □ 

□ 

Remark 3.6. Assuming that ^ is a purely even commutative associative al- 
gebra, we may consider the Lie algebroid (^,Der(^)), the associated odd 
Poisson superalgebra of polyvector fields 5A(nDer(^)), and also the op- 
posite odd Poisson superalgebra SA{IlT)er{A))°'P , defined in Remark 3.1. 
Then, we have a homomorphism of Z_|_-graded odd Poisson superalgebras 
(j) : 5A(nDer(^))°P ^ g{A) = UW%UA), given by 

(i){Xi A • • • A Xfc)(ai, . . . , Ofc) = det(Xi(oj))fj=i • 

Indeed, it is easy to check that the map (p is a homomorphism of associative 
superalgebras. Moreover, since it is the identity on ^ © nDer(A), it is 
automatically a Lie superalgebra homomorphism, due to the Leibniz rule. 
In fact, the map (j) is an isomorphism provided that Der(A) is a free module 
over A of finite rank, for example when A is the algebra of polynomials in 
finitely many variables. In general, though, this map is neither injective nor 
surjective. 

3.2. Poisson superalgebra structures and Poisson superalgebra co- 
homology complexes. 

Proposition 3.7. The Poisson superalgebra structures on a commutative 
associative superalgebra A are in bijective correspondence, via (2.11), with 
the set 

(3.10) {X G Wf^{UA)i I [X, X] = 0}. 

Proof. By the results in Section 2.4 the elements X S VFi(n^)j such that 
[X, X] = correspond, via (2.11), to the Lie superalgebra structures on A. 
Moreover, to say that X lies in W^f'^(n^) means that the corresponding Lie 
bracket satisfies the Leibniz rule, hence ^ is a Poisson superalgebra. □ 

It follows from the above Proposition that, for any Poisson superalge- 
bra structure on A, we have a differential dx = adX on the superspace 
^as^-Q^-j^ where X in (3.10) is associated to the Lie superalgebra struc- 
ture on A. This differential is obviously an odd derivation of the Lie 
bracket on PF'^**(n^), and an odd derivation of the concatenation product 
on nVF'^^(n^). We thus get a cohomology complex {g{A),dx). 

Remark 3.8. If A is a purely even Poisson algebra, then the odd Poisson 
superalgebra 5*71(11 Der (A)) of polyvector fields on A is the usual Poisson 
cohomology complex, with the differential d = adX, where X is the bivec- 
tor field defining the Poisson algebra structure on A [Lie]. In this case, 
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the odd Poisson superalgebra homomorphism (j) defined in Remark 3.6 is a 
homomorphism of cohomology complexes. 

3.3. The universal Poisson superalgebra W''^^{A) and odd Poisson 
superalgebra structures on A. As in the previous section, let ^ be a 
commutative associative superalgebra, with parity p and let Der(A) be the 
Lie superalgebra of derivations of A. Instead of W^(nA) , we may consider the 
universal Lie superalgebra Ty(j4) = 0^_i Wk{A), with parity still denoted 
by p. As we shall see below, we arrive at a "dual" picture: C VF(A) 

(defined below) has a natural structure of a Poisson superalgebra, while 
elements X e such that [X, X] = correspond to the odd Poisson 

superalgebra structures on A. 

The Lie superalgebra Der(A) is a subalgebra of Wo(^) = End(^), so we 
can consider its full prolongation, which we denote by 

oo 

W^'^A) = W^\A) c W{A) . 

Proposition 3.9. For k > —1, the superspace W^{A) consists of lin- 
ear maps X : S''~^^{A) — >• A satisfying the following Leibniz rule (for 
Oo, . . . ,afc_i,6,c G A): 
(3.11) 

X{ao, Ok^iM) = ^(ao, • • • , flfc-i, fe)c + (-l)P(')P(^)x(ao, . . . , flfc^i, c)6 . 

Proof. It follows by an easy induction on A; > 0. □ 

We next define a structure of commutative associative superalgebra on the 
superspace W^{A), making it a Poisson superalgebra. Given X € W'^^_i{A) 
and Y € W^f^_^{A)^ for /i > 0, A; — > 0, we let their concatenation product 
X - Y £ Wj^^lA) be the following map: 
(3.12) 

(X ■ y)(ai, . . . , flfc) = • • • ' ifc)(-i)^(^)(^('^'i)+-+^(""^» 

il<---<ih 

ih+l<---<ik 

xX{ai^ , . . . , ai jy (oi^^j , . . . , ai J . 

Note that €a{ii, . . . ,ik) in (3.12) is not the same as in (3.3), since here we 
consider ai, . . . , Ofc as elements of A, not of UA. 

Proposition 3.10. The Z^-graded superspace V{A) = ^^^oVkiA), where 
Vk{A) = W^^{A), together with the concatenation product • : Vh{A) x 
Vk-h ~^ ^fc(^) given by (3.12), and with the Lie superalgebra bracket on 
V{A) = W^{A), is a Poisson superalgebra. 

Proof. First, we prove, in the same way as in Proposition 3.4, that X ■ 
Y in (3.12) is an element of W^{A), namely, it is a map 5^(A) A 
and it satisfies the Leibniz rule (3.11). Moreover, it is immediate to check 
that (3.12) makes W^{A) a commutative associative superalgebra, using 
commutativity and associativity of the product on A. To complete the 
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proof of the proposition, we are left to prove that the Lie bracket on 
satisfies the usual Leibniz rule, 

(3.13) [X, Y ■ Z] = [X,Y]- Z + (-l)P(^)p(^)y . [X, Z] , 

thus making W^^{A) a Poisson superalgebra. This follows immediately from 
the following lemma. 

Lemma 3.11. The left and right Leibniz formulas for the box product (2.1) 
ofW^'iA) hold: 

xu{Y-z) = (xny)-z + (-i)?'(^)p('^)y-(znx), 
^ {x-Y)uz = x-(ynz) + (-i)p™^)(xnz)-y. 

Proof. The proof is the same as that of Lemma 3.5. □ 

□ 

Remark 3.12. Assuming that ^ is a purely even commutative associative 
algebra, we may consider the associated Poisson algebra (S'yi(Der(^)). Then, 
we have a homomorphism of Z+-graded Poisson algebras (p : S'yi(Der(A)) — )> 
V{A) = W^{A), given by 

(p{Xi,. . . ,Xk){ai,. . . ,ak) = ^ Xi(a^(i)) . . .Xfc(a^(fc)) . 

Indeed, it is easy to check that the map (p is a homomorphism of associative 
algebras. Moreover, since it is the identity on ^0Der(A), it is automatically 
a Lie algebra homomorphism, due to the Leibniz rule. 

Proposition 3.13. The odd Poisson superalgebra structures on A are in 
bijective correspondence, via (2.11), with the set 

(3.15) {X e VFr(^)i I [X, X] = 0}. 

Proof. The proof is similar to that of Proposition 3.7. □ 

It follows from the above Proposition that, for any odd Poisson superal- 
gebra A, we have a differential dx = adX on the superspace W^^{A), where 
X in (3.15) is associated to the Lie superalgebra structure on 11^4. This 
differential is obviously an odd derivation of the Lie bracket on W^{A), and 
an odd derivation of the concatenation product on W^{A). We thus get a 
cohomology complex {V{A), dx). 

4. The Lie superalgebra W^{V) for an F[0]-module V, and Lie 

CONFORMAL SUPERALGEBRA COHOMOLOGY 

In this section we repeat the discussion of Section 2 in the case of conformal 
superalgebras. Recall that a conformal superalgebra is a vector superspace 
R endowed with a structure of an F[9]-module compatible with parity, and 
with a A-product, i.e., a linear map — )■ F[A](X'-R, a(8>fo ^ axb, satisfying 
the sesquilinearity relations: 

(4.1) {da)xb = -Xaxb, ax{db) = {X + d){axb) . 
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A conformal superalgebra is called commutative (resp. skewcommutative) 
if 

(4.2) bxa = (-l)^'('^)f(^)a„A-96 ( resp. = -(-l)fWfWa„A-a&) , 

where d is moved to the left. In the skewcommutative case the A-product 
is usually called A-bracket and it is denoted by [axb]. If in addition to 
skewcommutativity the A-bracket satisfies the Jacobi identity, 

(4.3) [axM - (-l)^^^^ [b^[axc]] = [[a^bM , 

R is called a Lie conformal superalgebra [K]. 

For an F[5]-module R, one usually denotes by J the canonical map R — ?> 
R/dR. 

Recall that, if i? is a Lie conformal superalgebra, then the vector super- 
space R/dR has a well-defined structure of a Lie superalgebra, given by 
[Ja,fb] = f[a\b] |;^^q, a,b & R. Moreover, i? is a left module over the Lie 
superalgebra R/dR, with the well-defined action (J aj{b) = [a\b] a,b £ 
R, by derivations of the Lie conformal superalgebra R. 

4.1. The Lie superalgebra W'^{V). Let y be a vector superspace with 
parity p, endowed with a structure of an F[9]-module, compatible with 
the parity. Motivated by the construction of VF(y) introduced in Section 
2.1, we construct in this section the Z-graded Lie superalgebra VF'^(y) = 
0^_i W^{V), which, to some extent, plays the same role in the theory of 
Lie conformal algebras as W(y) plays in the theory of Lie algebras. 

For A; > — 1, we let W^{V) be the superspace of {k + l)-A-brackets on V, 
as defined in [DSK2], namely, 

(4.4) W^{V) = Hom^^;;;^(,^,,(y^('=+i),F_[Ao, . . . , A,] ^^^s] V) , 

with the parity p induced by the parity on V. Here and further F_ [Aq, . . . , Xk] 
denotes the space of polynomials in the A; + 1 variables Aq, . . . , A^, endowed 
with a structure of F[5]'^(''+^)-module, by letting Poid) (g) • • • Pfe(9) act as 
Po(-Ao) • • • ^'^(-Aa,.)- Using the embedding ¥[d] C F[(9]«5(*^+i) given by the 
standard comultiplication, we get the corresponding F[(9]-module structure 
on F_[Ao, . . . , Afc], namely d acts by multiplication by — (Ao + - • • + Afc). Thus, 
(V) consists of all linear maps 

X : ¥4Xo,...,\k](S)fid]V, 
vo^-'-iSiVk ^ Xxo,...,\^ivo, . . . ,Vk) , 
satisfying the following conditions: 
(sesquilinearity) Xxo,.. x^ivo, dvi, ... ,Vk) = -XiXxo,...,Xkivo, . . . ,Vk), 
(symmetry) Xxo,...,x,,ivo, . . . ,Vk) = ey{io, . . . ,ik)Xx,^,...Xi^{'i'io^ ■ ■ • fo^ 
all permutations {io, . . . ,ik) of (0, ... , k). 

Here e„(io, ■ ■ ■ ,ik) is the same as in (2.1). 

For example, W^^{V) = V/dV. Furthermore, W^{V) = EndiF[g](y), 
namely the map Xx '■ V F_[A] (8)f[9] ^ is identified with the F[(9]-module 
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endomorphism X : V ^ V given by X{v) = X-q{v), with d moved to the 
left. 

For A: > 0, we can identify, in a non-canonical way, F_[Ao, • • • , Afe](8)]f[a]y = 
F_[Ao, . . . , Xk-i] ^ V, by letting = — Ao — • • • — Afc_i — d. For example, 
Vl^f (y) is identified with the space of A-brackets 

{•A-}: F(g)F-^y[A], w^v^iuxv}, 

satisfying: 

(sesquilinearity) {duxv} = —X{uxv} , {uxdv} = (A + d){uxv}, 

(commutativity) {vxu} = {u_x-d'"} ■ 

Keeping in mind the construction in Section 2.1, we next endow W'^{V) 
with a structure of a Z-graded Lie superalgebra as follows. If X S Wl^{V), 
Y e W^_^{V), with h> -1, k>h-l,we define XDY to be the following 
element of W^iV): 
(4.5) 

io<---<ik-h 

*fe-h + l<'"<*fe 

xXx,^+-+x,^_^,x,^_^^^,...,x,^{Yx^^,...,x,^_^^{vio,- ■ ■,Vi^_J,Vi^_^^-^,. . .,ViJ . 

The above formula, for h = —1 gives zero, while for k = h — 1 gives 
^o,Ao,.--,Afc (^1 ^^Oi • • • 1 Vk), which is well defined for Y £ V/dV by the sesquilin- 
earity condition on X. We observe that the box product (4.5) is well defined, 
namely it preserves the defining relations of F_[Ao, . . . , A^] ®w[d] ^ • Indeed, 

if-'^Ao,...,Ah(^^o, ■■■,Vh) = (AoH hA/,-F5)F(Ao,. . .,\h\VQ,.. .,Vh), for some 

polynomial F in Aq, • • • , A/^ with coefficients in V, then 

{XDY)^^^^^^^^{vo, ...,Vk) = {Xo + --- + Xk + d)Y^ ±Fi- • • ) , 

which is zero in F_[Ao, . . .,Xk]®w[d]V- Similarly, if y\o,...,Afc_h(i'o, • • ■,Vk-h) = 

(Ao H h Xk^h + d)G{Xo, ... , Xk^h.; vo, ■■■ , Vk-h), for some polynomial G in 

Ao, . . . , Xk~h with coefficients in V, then [XIDY) Afc^^O' ' ' ' ' ^^'-^ ~ ^' 
the sesquilinearity condition for X. Moreover, it is straightforward to check 
that satisfies both the sesquilinearity and the symmetry conditions, if 

X and Y do. Hence, □ is a well-defined map Wl^{V) x W^_f^{V) Wj^iV). 

We then define the bracket [•,•]: Wl^{V) x W^_,^{V) VFf (F) by the 
same formula as before: 

(4.6) [X, Y] = XBY - {-l)P(^)pi^)YnX . 

Proposition 4.1. (a) Thebracket (4.6) defines a Lie superalgebra structure 
on W^{V). 

(b) We have the following canonical homomorphism ofL-graded Lie super- 
algebras: 

(4.7) W^{V) ^ W{V/dV) , Xx,,...,x, ^ /Xo,...,o , 
where, as usual, for v (zV , Jv denotes its image in V/dV . 
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Proof. The bracket (4.6) is skewcommutative by construction. To prove Ja- 
cobi identity, it suffices to check that the box-product (4.5) is right symmet- 
ric, i.e., iX,Y,Z) = (-l)P(^)p(^)(X,Z,y), where {X,Y,Z) = {XnY)DZ - 
Xn{YDZ) is the associator of X, Y, Z. Let then X eWl^{V),Y e W^_f^{V) 
and Z G Wf_i^{V). We have, by the definition (4.5) of the box-product, 
(4.8) 

{Xn{YaZ))^^^ ^^^ivo,...,ve)= e,iio,...,ii) 

io<---<it-k 
it-k+i<---<ie~h 
it-h+i<---<ie 



(-^Aio,...,Ai^_j. (''^io) • • • ) '^ie-k)^'"ie-k+i^ • • • ' '^it-h) ' '^H-h+i^ • • • ' 



Vi 



and 
(4.9) 



[{XnY)UZ)^^^^^^^^^{v,, ...,v,)- {XU{YUZ))^^ ^^^{VQ, ...,v,) 
eSo, ■ ■ . ,^,)(-l)^"(^)(^"K)+•••+p-K_J) 



«o<---<«fc-h 

ik-h+l<---<il-h+l 
il-h+2<—<il 

XX 



We then observe that the RHS above is supersymmetric under the exchange 
of Y and Z. This concludes the proof of part (a). For part (b), one easily 
checks that the map (4.7) is a well-defined linear map of Z-graded super- 
spaces, and it is a homomorphism for the box-products in W'^iV) and in 
W{y/dV). Hence it is a Z-graded Lie superalgebra homomorphism. □ 



For X e W^{V) and Y G V/dV = W^^{V), we have 
(4.10) 

[X,Y]xi^,„^\t,{vi,. . . ,Vk) =Xo,Ai,..,Afc(^,^^l,---,?^A;) , VI,. . . ,Vk eV . 

For X € W^{V) = EndF[a](F) and Y G W^{V), k > -1, we have 

[^,^]Ao,...,Afc(^^0, ■■■,Vk) = X(lAo,...,Afe(l'0, • • ■,Vk)) 

^'•''^ -(-1)^^(^M>') ;^(-l)^W^"°-^yAo....,A.(^^0, . ..Xiv.) ...,Vk), 

1=0 
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where % is as in (2.5). Finahy, if X G Wf{V) and Y G W^_^{V), k > 0, 

we have [X,Y] = XOY - {-if^^'^P^^'^YDX , where 

(4.12) 

{XDY)x,,...,x,ivo,...,Vk) 

k 

= y^^_iyM^,+.,,x , (y , {vo,.:.,Vk),v,), 

Ao + ...+Afc,Ai Ao,.--,Afc 

iYnX)xo,...Mi^o, ■■■,Vk)= Yl (-l)^5(^')^"«.-i+P>^)(^"«.-i+^"'+i.^-i) 

0<i<j<k 

i j 

xy J J (^A,,A,(^'j,^'i),^'0,--- •••,^^fc) • 

Ai+Aj ,Ao,.'----jAfc 

In particular, if both X and Y are in we get 

(Xny)Ao,Ai,A2 (^'0, 1'l, ^^2) = -'^Ao+Ai.Aa (^Ao,Ai (^^0, ^^l), 'f^2) 

(4.13) + (-l)P>i)(^"(^)+^>«»XA„Ao+A2(«l,>Ao,A2(t'0,^^2)) 

+ {-l)Pi-^mY)x^^^^^^^^^[vo,Yx,,xM^V2)). 

4.2. The space T^^(l/, U) as a reduction of W'^{V®U). Let F and C/ be 

vector superspaces with parity p, endowed with a structure of F[5]-modules. 
We define the Z-graded vector superspace (with parity still denoted by p) 

W^{V, U) = 0fc>„i W^{V, U), where 

W^{V, U) = Hom^^;;;«(,^,)(y^('=+i),F„[Ao, . . . , A,.] U) . 

In the same way as in Section 2.2, W'^iV, U) is obtained subquotient 
of the universal Lie superalgebra W^{V ®U), via the canonical isomorphism 
of superspaces 

(4.14) u/IC^W^{V,U), 

where U and /C are the following subspaces of Wl^{V © U): 

U = Hom;^;;j^(,^,,((y©C/)®('=+i),F_[Ao,...,Afc]0iF[a]C/), 

K. = {y|y(y®('=+i)) = o}. 

The following analogue of Proposition 2.5 holds: 

Proposition 4.2. Let X G W^{V ffi C/). Then the adjoint action of X on 
W'^iy © U) leaves the subspaces lA and JC invariant provided that 

(i) Xxo,...,x^{wo, ...,Wh) G F„[Ao, ...,Xh] '^¥[8] U if one of the arguments 
Wi lies in U , 

(a) XAo,...,Afe(^^o, ■■■iVh) G lF-[Ao, ■■■ Ah] '^¥[8] y if all the arguments Vi lie 
in V . 

In this case, adX induces a well-defined linear map on the reduced space 
W^{V,U), via the isomorphism (4.14). 
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4.3. Lie conformal superalgebra structures. By definition, the even 
elements X G VF^(y) are exactly the commutative conformal superalgebra 
structures on V: for X € W^f (^)o we get a commutative A-product on V 
by letting u\v = X\^-\-q{u,v). Similarly, the skewcommutative conformal 
superalgebra structures on an F[c)]-module R with parity p are in bijective 
correspondence with the odd elements of VFf (Hi?): for X e (ni?)j, we 
get a skewcommutative A-bracket on R by letting 

(4.15) [axb] = (-ir('^)XA,-A-s(a, 6) , a, 6 G i? , 
and vice-versa. 

Furthermore, let X € W^(J^R)i, and consider the corresponding skew- 
commutative A-product (4.15) on R. The Lie bracket of X with itself then 
becomes, by (4.13), 

[X,X]x,i,,-\^^,^d{a,h,c) = 2(XnX)A,;,_A-Ai-a(a, ^,c) 

= _(_l)PW2{[a,[6^c]] - (-l)PWpW[6^[a,c]] - [[a,6],+^c]} . 

Hence, the Lie conformal superalgebra structures on R are in bijective cor- 
respondence, via (4.15), with the set 

(4.16) {X G W^{IiR)i I [X, X] = 0} . 

Therefore, for any Lie conformal superalgebra i?, we have a differential dx = 
aAX, where X in (4.16) is associated to the Lie conformal superalgebra 
structure on i?, on the superspace W^iliR), which makes it a cohomology 
complex so that the differential dx is a derivation of the Lie bracket. 

4.4. Lie conformal superalgebra modules and cohomology com- 
plexes. Let R and M be vector superspaces with parity p, endowed with 
F[5]-module structures. Consider the reduced superspace in- 
troduced in Section 4.2, with parity denoted by p. 

Suppose now that i? is a Lie conformal superalgebra and M is an R- 
module. This is equivalent to say that we have a Lie conformal superalgebra 
structures on the F[5]-module R ® M extending the A-bracket on R, and 
such that M is an abelian ideal, the bracket between a (z R and m ^ M 
being ax{m), the A-action of R in M. According to the above observations, 
such a structure corresponds, bijectively, to an element X of the following 
set: 
(4.17) 

{X G wf(UR e nM)i \[x,x] = o, Xx,^{r, r) c f_[a, ^l] ^f^j r, 

Xx,f,iR,M) c F_[A,/i] M, Xa,^(M,M) = 0} ' 

Explicitly, to X in (4.17) we associate the corresponding A-bracket on R 
given by (4.15), and the corresponding i?- module structure on M given by 

(4.18) ax{m) = {-l)P^''^Xx,^x~d{a,rn) , a e R, m e M . 

Note that every element X in the set (4.17) satisfies conditions (i) and 
(ii) in Proposition 4.2. Hence adX induces a well-defined endomorphism 
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dx of W^{UR,UM) such that dj^ = 0, thus making {W'^{UR,UM),dx) a 
cohomology complex. The expHcit formula for the differential dx follows 
from equations (4.12) and from the identifications (4.15) and (4.18). For 
y e W^_^{UR,UM), we have 

k . 

('^js:^)Ao,...,Afc(«o, • • • ,«fc) = ' («0, •••,«/=)) 

(4.19) -0 . 

+ Yl (-1)"''^ »^ {[aixMj],ao,.:..:.,ak), 

where a-i and a-ij are defined in (2.16). Note that, in the special case when 
M = i? is the adjoint representation, the complex {W^{IlR,IlM),dx) co- 
incides with the complex {W^{IlR),dx) discussed in Section 4.3. 

In the special case when i? is a (purely even) Lie conformal algebra and 
M is a purely even i?-module, we have p{Y) = k mod 2, and the above 
formula reduces to 
(4.20) 

k 

(dx5^)Ao,...,A,(ao,...,afc) = (-l)'(^(-l)*a,A,(y . {ao, .,ak)) 

1=0 



n^-^-^i Ai+A,,Ao, ,Afe 



which, up to the overall sign factor (—1)'^, is the usual formula for the Lie 
conformal algebra cohomology differential (see [BKV], [BDAK] and [DSK2]). 
In conclusion, the cohomology complex {C*{R,M) = ^j^^^^C''{R,M),d) 
of a Lie conformal superalgebra R with coefficients in an i?-module M can 
be defined by letting C'^iR, M) = Wf„^(ni?, HM) and d = dx. 

Remark 4.3. One can replace ¥[d] by f/(f), where c) is a Lie algebra. Then, 
following the same reasoning as above, for any 3-module R one constructs the 
Z-graded Lie superalgebra W'^iJiR)^ so that an odd element X G VFf (Hi?) 
such that [-^, ^] = defines a pseudoalgebra structure on R and its co- 
homology complex, cf. [BDAK]. This, and its relation to the variational 
bicomplex, will be discussed in a forthcoming publication. 

5. The Lie superalgebra W^'^^iy) for a commutative associative 

DIFFERENTIAL SUPERALGEBRA V AND PVA COHOMOLOGY 

Recall that a Poisson vertex superalgebra (abbreviated PVA) V, with par- 
ity p, is a unital commutative associative differential superalgebra endowed 
with a A-bracket [■ x ■] which makes V a Lie conformal superalgebra, satisfy- 
ing the following Leibniz rule: 

(5.1) [axbc] = [axb]c+{-ir'^''^P^'^b[axc] . 

For example, if is a Lie conformal superalgebra, then the symmetric alge- 
bra S{R) has a natural structure of a Poisson vertex superalgebra, with the 
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A-bracket on R extended to S{R) by the Leibniz rule (5.1). In analogy with 
the notion of an odd Poisson superalgebra from Section 3, we also introduce 
the notion of an odd Poisson vertex superalgebra. This is a unital commu- 
tative associative differential superalgebra V, with parity p, endowed with 
a A-bracket [• x ■] which makes IIV a Lie conformal superalgebra, satisfying 
the following odd Leibniz rule: 

(5.2) [axbc] = [axb]c + i-l)^P^''^+~^^P^%[axc] . 

For example, if is a Lie conformal superalgebra, then the symmetric alge- 
bra S{IIR) has a natural structure of an odd Poisson vertex superalgebra, 
with the A-bracket on R extended to S(IIR) by the Leibniz rule (5.2). 

5.1. Poisson vertex superalgebra structures. Throughout this section, 
we let V be a unital commutative associative differential superalgebra, with 
a given even derivation d, and with parity denoted by p. We let Der^(V) be 
the Lie superalgebra of derivations of V commuting with d. 

Consider the universal Lie superalgebra VF^(nV) = 0fcl_i W^(nV) as- 
sociated to the F[5]-module LTV, defined in Section 4.1, with parity denoted 
by p. 

Proposition 5.1. Let, for k > -1, W^'^^iUV) be the subspace ofW^{UV) 
consisting of maps X : (nV)®(^+^) ^ F_[Ao, . . . , Afc] ^^q^ UV, denoted by 
ao (8) ■ • • (8) afc i— )■ ^Ao....,Afc (oQ) • • • ,CLk), satisfying the following Leibniz rule 
(for ao, . . . ,ak-i,bi,Ci € V, i = 0, . . . ,k): 

-^Ao,...,Afc(«0) • • • , biCi, . . . , afc) 

(5.3) = (-1)p(-»)(^«+i.^+'=-^))Xao,... A+a,...,A, (ao, . . . , 6„ . . . , akUa 

+ (-l)P(''-)(p('=>)+^«+M+'=-^))XAo,...,A,+9,...,A,(ao, ...,Ci,..., akUk , 

where Sij are defined in (2.17). Then M^^'^^(nV) = 0^_i wf'^'(nV) is a 

subalgebra of the "Z-graded Lie superalgebra VK^(nV) such that W^'^(nV) = 

HV/dHV, and Wq'^ (HV) = Der^(V) is the Lie superalgebra of derivations 
ofV commuting with d. 

Proof Clearly, by definition, W^f{UV) = UV/dUV. Recall that, for k = 0, 
we identify F[Ao] '^F[d] nV = LEV, and, via this identification, W^{UV) = 
EndF[g](nV) = End][r[g](V). One easily checks that an element X G Wq(IIV) 
satisfies (5.3) if and only if the corresponding element in End][r[g](V) is a 

derivation of V of parity p{X). Hence, W^'^^iUV) = Der^(V). We are left 
to prove that for X G wj^'^'^UV) and Y G l^fl^^'(nV), their bracket [X, Y] = 
XDY - (-l)P(-'^)p(^)FnX lies in '^(HV), namely it satisfies the Leibniz 

rule (5.3). Since (Xny)Ao,...,Afe(oo, • • • , Ofc), hence [X, y]Ao,...,Afe(ao, • • • , Ofc), 
is symmetric with respect to simultaneous permutations of the elements 
qq, . . . ,ak and the variables Aq, . . . , A^, it suffices to prove that [X, Y] satisfies 
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the Leibniz rule (5.3) for i = 0. In this case we have, by a straightforward 
computation using the definition (4.5) of the box product, 

(^°^)Ao,...,Afe(^^' ai,...,afc) 

= (-l)PWb-K)+-+^^K-))(xny)^^^^^^^^^^^^^^(6,ai, . . .,a,Uc 



+ ^ • • . ,ifc)(-l)''^^''^^''''"^^^^''''"^^^^^''^^^^^"^^^"'i^"^'""^^^°'''^''^ 

il<---<ih 
ih+i< — <ik 

X X-x,^ A,^ -9,A,^ ,...,A,^ (&, aj, , . . . , Oi^ ) 

^ ^~^ih+i ^^k~^'^^h+\'---'^^k • • • ''^ife) 

il<---<ik~h 
ik-h+i<---<ik 

X y_A,^_..._A,^_^-a,A,,,...,A,^,_^ (^ Oi,, . . . , a,,_ J 

X X_).. \. _^ \. \. (c, fl,', a,', ) . 

To complete the proof, we just observe that, if we exchange X and Y, the 
two sums in the RHS get multiplied by (— 1)p(^)p(^), hence they do not 
contribute to [X, Y] . □ 

Proposition 5.2. The Poisson vertex superalgebra structures on V are in 
bijective correspondence, via (4.15), vuith the set 

(5.4) {X G Tyf '^'(nv)i I [X, X]=0}. 

Proof. By the results in Section 4.3 the elements X € Wi(nV)i such that 
[X, X] = correspond, via (4.15), to the Lie conformal superalgebra struc- 
tures on V. Moreover, to say that X lies in W^''^''(nV) means that the 
corresponding A-bracket satisfies the Leibniz rule, hence V is a Poisson ver- 
tex superalgebra. □ 

It follows from the above Proposition that, for any Poisson vertex super- 
algebra V, we have a differential dx = adX on the superspace 
where X in (5.4) is associated to the Lie conformal superalgebra structure 
on V. This differential is obviously an odd derivation of the Lie bracket on 
^a.as^jjy^^ We thus get a cohomology complex {W'^''^{UV),dx). 

5.2. Odd Poisson vertex superalgebra structures. As in the previous 
Section, let V be a commutative associative differential superalgebra, with 
derivation d and parity p, and let Der'^(V) be the Lie superalgebra of deriva- 
tions of V commuting with d. As in Section 3.3, we consider here the picture 
"dual" to that discussed in the previous section. 
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Proposition 5.3. Let, fork > —1, Wf,'^^{V) be the superspace of elements 
X € W^{V) satisfying the Leibniz rule (for ao, ■ ■ ■ ,ak-i,bi,Ci £ V,i = 
0,...,k): 

-^Ao,...,Afe(«0) • • • ) hCi, . . . , flfc) 

(5.5) = (-ir(^')(^»+i^^))XAo,... A+a,...,A, {ao,...,bi,..., akUa 

+ (-ir(^')(P(^')+'^»+i-^))XAo,...,A,+9,...,A,(ao, . . . , Q, . . . , akUbi , 

where Sij is defined in (2.17). Then W^''^{V) = ©^_i W'f '^'(V) is a subal- 
gebra of the T^-graded Lie superalgebra W^{V) such that W^'{^{V) = V/dV, 
and Wo^'^(V) = Der^(V). 

Proof. It is the same as for Proposition 5.1. □ 

Proposition 5.4. The odd Poisson vertex superalgebra structures on V are 
in bijective correspondence, via (4.15), with the set 

(5.6) {X E wf'^^iV)-^ I [X, X]=0}. 

Proof. It is the same as for Proposition 5.2. □ 

It follows from the above Proposition that, for any odd Poisson vertex su- 
peralgebra V, we have a differential dx = adX on the superspace W^'^{V), 
where X in (5.6) is associated to the Lie conformal superalgebra structure 
on nV. This differential is obviously an odd derivation of the Lie bracket 
on W^'^^{V). We thus get a cohomology complex (W^'''^^{V),dx)- 

6. The universal Lie conformal superalgebra W^{V) for an 
f[5]-module v, and the basic lle conformal superalgebra 
cohomology complexes 

In this section we study the universal Lie conformal superalgebra W'^{V) 
associated to a finitely generated F[9]-module V. 

6.1. The universal Lie conformal superalgebra W^{V). As in Section 
4, let y be a vector superspace with parity p, endowed with a structure of 
an F[5]-module, compatible with the parity. Assume, moreover, that V is 
finitely generated over ¥[d]. 

The Lie superalgebra W'^{V) does not have the universality property sim- 
ilar to that of VF(y), described in Remark 2.2. In this section we construct 
the universal T^-graded Lie conformal superalgebra W^{V) = 0^_i W^{V) 
associated to the finitely generated F[5]-module V as follows. 

For k > -1, we let, cf. (4.4), 

W^{V) = Rom^;^ {V^('^+'\¥4Xo, ...,Xk]^V), 
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with its natural superspace structure, denoted by p. For example, we have 
W^^{V) = V, W^{V) = RCend(y), the space of right conformal endomor- 
phisms of y, namely the linear maps X\ : y — > F[A] Cg" y, such that 

(6.1) Xx{dv) = -\Xx{v) , 

and, for A; > 1, W^{V) consists of linear maps X : V'^^+'^ F_[Ao, • • • , A^]® 
V satisfying sesquilinearity in each argument and the skewsymmetry condi- 
tion. ^ 

The superspace W^{V) has a natural F[9]-module structure given by 

(6.2) {dX)xo,...,Xk{vo,...,Vk) = (AoH h Xk + d)Xxo,...,Xi,{vo, . . . ,Vk) . 

Next we endow W'^{V) with a structure of a Z-graded Lie conformal super- 
algebra as follows. U X £Wl^{V),Y e W^_h{V), with h > -1, k > h - 1, 
we define XUxY to be the following element of F[A] (g) W^{V): 

{XUxY)^^^ ^^^{vo,. . . ,Vk) = e^{io,...,ik) 

io<---<ik-h 

(6.3) ik-h+i<---<ik 

^^-^~K-h+i ^U--9'^'fc-h+i'-'^»fe (^-^^O'-'^U-h *^^*0' • • • ' Vik-h)^ 

^ifc_h+i) ■ ■ ■ , 

where d is moved to the left. Since, by assumption, V is finitely generated 
over F[5], and since elements of W'^{V) are determined by theirs values on 
a set of generators of V, XdxY is indeed a polynomial in A with coefficients 
in W^{V). 

Lemma 6.1. (a) The X-product Da given by (6.3) gives a well-defined map 
W^{V) X W^_h{V) ¥[X](E)W^{V), and it makes W^{V) a conformal 
superalgehra. 

(h) The X-product Da is right symmetric, i.e., defining the associator of 
X,Y,Z £ W^{V) as 

{XxY^Z) = {XUxY)Ux+^,Z - XUx{YU^Z) , 

we have the following symmetry relation: 

(6.4) {XxY.Z) = {-iy^'''^P^^\XxZ_x-^._oY) , 
where, as usual, d is moved to the left. 

Proof. First, we need to prove that, for X G Wf^iV) and Y € W^_,^{V), the 
A-product XdxY defined by (6.3) is a polynomial in A with coefficients in 
W^{V), i.e. it satisfies the sesquilinearity and symmetry conditions: 

{X\I\xY)xo,...,Xki'"o, ■ ■ ■ ,dvi, ... ,vk) = -Xi{XDxY)xo,...,Xki^o, ■■■,Vk) , 
{XaxY)xa,...,x,{vo, ...,Vk) = e^{io, ik)Xx,^,...,x,^ [vi^, • • • , ''^i J , 

for all permutations (ig, • • • , «fc) of (0, . . . , fc). Both these relations follow im- 
mediately from the definition (6.3) of the A-product Da and by the sesquilin- 
earity and symmetry conditions on X and Y . To complete the proof of part 
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(a) we need to check that the A-product Da is sesquUmear, making W^{V) 
a conformal superalgebra. The first sesquihnearity condition is straightfor- 
ward, using the definition (6.2) of the F[9]-module structure of W^{V). For 
the second sesquilinearity condition, we have 



io<---<ik-h 
ik-h+i<---<ik 

e.(io,...,^fc)^-A-A,^_,^^^-...-A,^-a,A,^_^^^,...A, 

io<---<ik-h 
ik-h+i<---<ik 

= (A + AoH hAfc + 9) ^ et,(io, . . . ,4) 

io<---<ik-h 
ik-h+l<---<ik 

^^-^-^^k-h+1 ^ik-9^ik-h+i'-'K (^A'(,,...,A,^_Jt'io, • • • 



Vi 



{{\ + d){XD,Y)) 



^k-h+1 ' 



For part (b), let X G Wj^{V), Y G W^{V) and Z G W^{V). We 
have, with a straightforward computation using the definition (6.3) of the 
A-product dx, 
(6.5) 

((^°A5^)nA+M^) Ao,...,A<,+^+,(^0, • • • , Vo,+p+^) 

= ^ ey{io, ■ ■ ■ ,ia+i3+-/) 

«7 + l<---<j/3 + 7 

xX—\—\. \. —B\ A 

"^-A»-A,^^-^ ^ip + i + l '■■■'Ai,3 + 7 

(■^A,(,,...,Ai^ (^^io' • • • + ■ ■ ■ 5 ^i;3 + 7) ' ^«^) + 7+l ' ' ' ' I'^ia + P + 'y^ 

+ Yl (-i)^-(^)(?(^)+?K)+-+p-K)e.(zo, . . . , z„+^+,) 

io<'-'<«7 
*7+l<---<«;3+7+l 
*^ + 7+2<---<*a + ^ + 7 

-A-At-Ai^_l_j A,^^^^^-a,At+Ai^^j+-+A,^^^^j,A,^_^^_l_2,...,Ai^^^_l_^ 
(-^Ai(,,...,A,^ [Vio, ■ ■ ■ , ^^47), ^Ai^_^j,...,Aig_^^^^ (^47+15 • • • ) ^j;3+7+i)' 

^*^ + 7+2 ' • • • ' ''^*c« + ;3 + 7 
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Similarly, we have 
(6.6) 

ij+i<---<ip+^ 

X X 



We then observe that the RHS in (6.6) is equal to the first term in the LHS 

of (6.5). Hence, combining the above equations, we get 

(6.7) 

E (-l)p-W(^'(^)+^^K)+-+pK)e„(io, . . . , W^+,) 



«7 + l<---<«^ + 7+l 
«(3+7+2<---<*a+/3+7 

xX 



A-At-Ai^^-^ -^»<:< + ,8 + 7~'5'^+-^»7 + l+'" + '*'^S + 7 + l ''^'(3 + 7+2 '■■■•'*''a+/5 + 7 

(^■^A,Q,...,Ai^ (Vio, ■ ■ ■ jt'lT.), YAi^_^^,...,A,^_^^_^j(^^j^ + l, • • • ,'"1^ + ^ + 1), 



''^i/3 + 7 + 2' • • • ' ^«a + ,8 + - 



To conclude, we observe that, if we exchange Y and Z (and /3 and 7), and 
we replace fj, by —A — fj, — Xq — ■ ■ ■ — Xa+/3+y — d, the RHS of (6.7) gets 
multiplied by the factor (-1)p(^)p(^). □ 

Lemma 6.2. If R is a conformal superalgebra with right symmetric X- 
product axb, a,b ^ R, and parity p, then the X-bracket 

(6.8) [axb]=axb-{-ir^'^'>P('h.x-da, 
defines on R a structure of a Lie conformal superalgebra. 

Proof. Recall that right symmetry means the following identity (axb^c) = 
(_l)p(fc)p(c)(Q,_^c_A-^-a6), where (oa^^c) = {axb)x+^iC- axib/^c) is the associ- 
ator. The statement follows by the following identity, which is easily derived 
from (6.8): 

[ax[b,c]] - {-l)Pi-)pW[b^[axc]] - [[axb]x+,c] 
= -{{axb^c) - i-iy('^P('\axc_x-^.-db)) 
+(_l)p{a)pW(^(5^^aAc) - (-l)fWfW(6,,c_A-^-oa)) 

□ 
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Corollary 6.3. The X-bracket 

(6.9) [XxY] = xa^Y - (-i)^'(^)^^(^)yn„A-a^ , 

defines a structure of a Lie conformal superalgebra on W^{V). 

Proof. It follows immediately from Lemmas 6.1 and 6.2. □ 

For X e Wj^{V) and Y eV = W^^{V), we have, for vi,...,VkeV, 

[XxoY]x^,...^^:{vl,. ..,Vk)= X^xo Afe-a,Ai,...,Afc(^,Wi, ...,Vk), 

or, equivalently, 

rfi im Xx,,x,,...,x^{Y,Vi,...,Vk) = [X^Xo~dY]x,,...,\k(vi^---,Vk) 

It follows that we have the following universality property of the Lie con- 
formal superalgebra W'^{V): for any Z-graded Lie conformal superalgebra 
R = ^^„i Rk with = V, there is a canonical homomorphism of Z- 

graded Lie conformal superalgebras (/> : i? — )• W^{V), extending the identity 
map on V by 

(t>{a)xo,...,\kivo,---,Vk) = ±[7;fcAfe ••• [uiaiNaoO]] •• •] . if A; > , 

where ± = (-l)fc+i+pW(p(^o)+-+pK))g^(/j^ k-J^,...,0). ^ 

For a right conformal endomorphism X € Vtg (^) and for Y G W^^(y), 
where A; > —1, we have 
(6.11) 

[-'^A>^]Ao,...,Afe (^^0, . . . , -yfc) = X_A-9('5^Ao,...,Afc (t^O, • • • , "ffc)) 
A; 

_(_l)p-(x)p(y) ^(-i)i^W^-o.-iy,^^_ . . . ,X,,(^,), • • • , 

1=0 

where Sjj is as in (2.5). In particular, for A: = 0, the above formula gives the 
following Lie conformal superalgebra structure on the F[9]-module VFjf (V) = 
RCend(y) of all right conformal endomorphisms of V: 

(6.12) \XxY\^{v) = X_x-d{Y,{v)) - {-lf^''^^^'"^Yx+,{X,{v)) . 

Remark 6.4. This Lie conformal superalgebra, which is natural to denote 
Rgc{V), is isomorphic to the Lie conformal superalgebra gc{V) of all (left) 
conformal endomorphisms [K], via the map 

(6.13) * : RgciV) ^ gc{V) , where Xl{v) = X^x^a^v) . 
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Furthermore, if X G Wf{V) and Y E A; > 0, we have 

(6.14) 

{XaxY)xo,...,\^{vo, ■■■,Vk) 

k 

0<«<j<fc 

ji (XA„A,('t^i,'t^j),W0, • • • • • vt^fc) • 
A+Ai+Aj,Ao, ,Afe 

In particular, if both X and 1" are in we get 

(XnAy)Ao,Ai,A2(^^0, t^l, '^2) = ^-A-A2-0,A2 (^Ao,Ai (^^0, Vi),V2) 

+ (_l)p(.l)(p-{y)+p-K))X;,^^_;,_;,^_a(^;i,n„,A2(t'0,t'2)) 

and 

(^n_A_aX)Ao,Ai,A2 I'l, '^'2) = 1a+Ao+Ai,A2 (-^Aq.Ai (^^0, ^^l), ^^2) 
+ (_l)p(^'i)b-(n+P>o))y^^^^_^^^^^^(„^,XAo,A2(^0,^2)) 
+ {-l)PMP(Y)Y^^^^^^^_^^^^y^^Xx,,X,ivi,V2)). 

There is a close relation between the universal Lie conformal superalgebra 
W^{V) and the Lie superalgebra W^{V) associated to the finitely generated 
F[(9]-module V. In order to describe this connection, we consider the quo- 
tient map / : F_[Ao, . . . , Xk]^V ^ F-[Ao, . . . , Xk] ^w[d] ^ ■ For ^ = —1; this 
coincides with the usual map V V/dV, v 1-^ fv. 

Proposition 6.5. (a) We have a linear map J : W^{V) — )• W^{V), in- 
duced by the quotient map J : F_[Ao, • • • , Xk] F_[Ao, . . . , A^] ®f[9] 
V , which induces an injective homomorphism of Lie superalgebras J : 
W^{V)/dW'^{V) W^{V). _ 

(b) We have a representation of the Lie superalgebra W^{V) on W^{V), 
with the action of X e Wl^{V) on Y e W^_h{V) denoted by [X,Y] e 
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W^{V), given by the following formula: 



«o<---<«fc-h 

ik-h+i<---<ik 



.15) 



IQ, ...,lk) 



io<-<ih 
ih+i<—<ik 



^"^AipH |-Aj^,Ai^_^^,...,Aij, (^Ai(j,...,Ai^ (^^jq ' • • • ) '^'ih ) ) "^ih+i ' • • • ' "^ife) • 

T/izs action of the Lie superalgebra W^iV) is by derivations of the A- 
bracket on W^{V) and it commutes with the action of d. 
(c) The canonical map J : W^{V) W^{V) from part (a) is a homo- 
morphism of representations of the Lie superalgebra W^{V). Moreover, 
the representation ofW^iV) on W'^{V) is compatible, via the map J in 
(a), with the representation of the Lie superalgebra W'^{V)/dW^{V) on 

Proof For X € W^{V), let fX he the map ^ F_[Ao, • • • , A^] ^r[g] 

V, given by {fX)xo,...,\Jvo,...,Vk) = fXx„,...,x^{vo,...,Vk), where, in the 
RHS, / denotes the map F__[Ao, ... ,\k]<^V ^ lF~[Ao, • • • , Afc] (gjpja] V. It 
is immediate to check that JX lies in Wj^{V), i.e., it satisfies the sesquihn- 
earity and symmetry conditions. Hence, we get a well-defined linear map 
/ : w^{V) ^ W^iV). Next, we prove that Ker (/ j^^^^^) = d(w9{V)), 

so that J factors through an injective linear map J : W^{V)/dW^{V) — > 
W^{V). For k = —1, f coincides with the quotient map V — >• V/d V, 
so there is nothing to prove. Let then A; > 0. The inclusion d(Wj^{V)) C 
Ker (J |~g^^^) is immediate by the definition (6.2) of the F [5] -module struc- 
ture on W^{V). Conversely, suppose X € W^{V) lies in Ker(J), namely, 
for every vq,... ,Vk G V, we have Xxo,...,\k (vo,... ,Vk) = {d + Xq + ■ ■ ■ + 
Afc)iAo,...,Afc (^'o, ■■■,Vk), for some polynomial Yxo,...,Xk {vo,..., Vk) in Aq, . . . , Afc 
with coefficients in V . Since 9-|-Ao + - • ■ + Xk is injective on F[Ao, . . . , Afc] ®V 
for every /c > 0, the sesquilinearity and symmetry relations for X imply those 
for Y. Hence, X = dY & dWj^{V), proving the claim. The fact that the in- 
duced map is a Lie algebra homomorphism 
follows by comparing the explicit expressions (4.6) and (6.9) for the Lie 
bracket on W^(y) and the A-bracket on W'^iV) respectively. This proves 
part (a). 

It is immediate to check that formula (6.15) does not depend on the 
choice of representative of Xxi^,...,\i^ {vi^,- ■■ ,ViJ G F[Aio, • • • > ^ik] ®f[9] V 
in F[Ai(,, . . . , Ajj,] (8" V. Moreover, if X and Y satisfy the sesquilinearity 
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and symmetry relations, so does [X, y]. Hence, we get a well-defined map 
Wl^{V) X W^_h{V) W^{V). We next prove that (6.15) defines a repre- 
sentation of the Lie superalgebra W^{V) on W'^{V). Introduce the left and 
right box p^ducts : W'^iV) x W^{V) W^{V) and : W^{V) x 
given, respectively, by the first and (without the sign in 
front) the second term in the RHS of (6.15), i.e. 
(6.16) 



io<---<ik-h 
ik-h+i<---<ik 



^XiQ,...,Xi^,_j^iVio, ■ ■ ■ 5 't'ife_h)) '^ife-h+i ! • • ■ j'^ik^ 



io<---<ih 
ih+i<---<ik 



We claim that they satisfy the following right symmetry identities: 
(6.17) 

{xnY)a^z-xa^{Ya^z) = (-i)p™^)f(xn^z)n^y-xn^(zn^y) 



for X G W^{V), Y E W^{V), Z G W„^{V), and 
(6.18) 

{xa^Y)a^z-xa^{Yaz) = {-i)p^^^p^^^U{xa^z)a^Y-xa^{zaY)) , 



for X G W^{V), Y G W^{V), Z G W^{V). For (6.17) we have 
(6.19) 

{{XnY)n^Z)^^^^^^^^^^^^^{vo,...,Va+l3+^)= 6^,(^0,..., W/3+7) 

*7+l<---<*/3+7 
*/3 + 7+l<---<«a + ^+7 

^'^~^^^+-f+l -^ia + /3+7~'^'-*''/3 + 7 + l'---'-^»a + /3+7 i^'^+l ^^p+-t~^'\+l '■■■'-^»/3 + 7 



(-^Ai(j,...,Ai^ ('^io' • • • ) ''^17)) ''^17+1 ) ■ ■ ■ ) ) '^^1,3+^+1 ) ■ ■ ■ jVi^ 



a+0 + -t 



jo<---<«/3 
*/3+l<'"<*/3+7+l 
*/3 + 7 + 2<---<*a + /3 + 7 

X X 
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Similarly, we have 
(6.20) 

io<---<i/3 
«^+i<---<*;3+7 

i0 + j + l<---<ia+l3+-i 

^^~S + 7+l -^W + t'^'S + T + I'-'^^W + T ('^^■'0+--- + S'S + 1'-'S + 7 

(XXiQ,...,Ai^ (Vio, • • • 5 ^j^j)) "^i/s+i: ■ ■ ■ i ''^ii3+-,) ) ''^j/j+^+iJ • • • ) ^ia+/3+7) 
*,9 + l<---<«^+7+l 

^ ^-^iO ^ ^^''^'/S '~''*»0 ^"-/S + ^ia + l3 + -t ~^'-^»/3 + 7 + 2 ' ' ' •''^*c, + ,9 + 7 ( 

Y\iQ,...,Xi^io, ■ ■ ■ , Vii^), ■^Ai^_|_^,...,A,^_|_^_|_('l'i^+i, • • • , ^j^+^+i))^^i/3+T,+2) • • • ■ 

It is easy to check that the first term in the RHS of (6.19) is equal to 
{XD^{YD^Z))^^^ ^ {vo, Va+(}+-y), while the first term in the RHS 

of (6.20) is equal to {XO^ {Za^Y)) ^ {vq, ■ ■ ■ ,Va+0+.y). Equation 

(6.17) then follows from the observation that the second terms in the RHS of 
(6.19) and (6.20) differ by a factor (-l)P(y)p(^). Next, let us prove equation 

(6.18) . We have 
(6.21) 

{{Xn^Y)n^Z)^^^^^^^^^_^^^_^{vo,...,Va+i3+^)= e^(io,...,ia+/3+7) 

jo<'"<'7 

i7+l<---<«/3+7 

'/9+7 + l<'"<*a + /3 + 7 



(■^A,o,...,Ai^ {ViQ, ■ ■ ■ , fi^), 'Wi^+i , ■ ■ ■ ) 1'j,3+^) 5 'Wi^j+^+i , ■ ■ ■ ,V'. 



«a+,3 + 7 



+ (-i)''(^)(^(^'o)+-+p(%),^(i,, . . . , i^^^^^) 

, «/3 + l<---<«/3+7+l 
*/9+7 + 2<-"<*a + /3 + 7 

^^^'0+---+S'^',8 + l+'''+S+7+l'S+7+2'-''^V+/3+7 (^-^»0'-'S ^^^0 ' ' ' ' '%)' 
^^i0 + l^-^^i0+^+l ('^ip + l^ ■ ■ ■ ' ^i;3+7+l)' ^i/3+7+2' • • • ' ^iQ+/3+7) • 

It is then easy to check that the first term in the RHS of (6.21) is equal 
to (Xn^(ynZ))^^ ^ {vo, ■ ■ ■ ,Va+i3+-y), while the second term, if we 

exchange Y and Z, stays unchanged up to a factor (— 1)p(^)p(-^). This proves 
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(6.18). We then have, by (6.17) and (6.18), 



[X, [Y,z]] - (-i)j^Wp(^)[y,[x,z]] - [[x,Y],z] = -(^{xnY)a^z+ 
-xu^{Yu^z) - {-i)piY)p{z) (^(xn^z)n^y - xu^{zu^y)^ + 

i 



+{-i)pWp'.y)\(jnx)n^ z - Yn^{xu^z) - (-i)p(^)p(^)(^(yn^z)n^x+ 
-yn^(zn^x))^ - (-i)p(^)(pWW)) (^zu^x)u^y - zu^{xnY)+ 

_(_l)p{^My) ({ZU^Y)U^X - ZU^{YUX) \ ) = . 



This proves that (6.15) defines a representation of the Lie superalgebra 
W^iy) on W^iy). With similar computations one can show that the Lie 
action of W^{V) is by derivations of the A-brackets in W^iV). Moreover, 
it is immediate to check that the Lie action of W^{y) commutes with the 
action d on W^{V), proving part (b). 

Comparing equations (4.6) and (6.15), we immediately get that J[X, Y] = 
[X,JY] for every X G W^{V) and Y G W'^{V), proving that the map 
is a homomorphism of representations of the Lie su- 
peralgebra W'^{y). Moreover, comparing (6.9) and (6.15), we immediately 
get that [JX,y] = [X^y] |a=Oi for every X,y G W^{V), i.e., the Lie super- 
algebra action of W^{y) on W^_^{V) — >■ W^{V) is compatible, via the map 
/ : W^{V) W^{V), with the Lie superalgebra action of W^{V)/dW^{V) 
on proving part (c). □ 

Remark 6.6. The Lie superalgebra homomorphism j defined in Proposition 
6.5 in general is not surjective. For example, if ^ is a torsion module over 
F[9], then W^{V) = due to sesquilinearity, while W^{V) = End]F[a](y) 
needs not be zero. However, if the F[5]-module V decomposes as ^ = 
T© {^[d] (8) [/), where T is the torsion submodule and ¥[d\ ® C/ is a finitely 
generated free submodule, then / : Wj^{V)/dW^{V) W^{V) is a bijec- 
tion for each / 0, and, if T = 0, then / : W^{V)/dW^{V)^^ W^{V) 
is bijective as well. Indeed, due to sesquilinearity, if X G W^{V)^ then 
^A(),...,Afc(^^0) • • • j^^fc) vanishes if one of the arguments vi lies in the torsion 
T d V , and X is uniquely determined by its values on u®i^+^) , Hence, 
we can identify W^{V) with the space of linear maps X : [/"^C^+i) — > 
F_[Ao, . . . , Xk]y satisfying the symmetry condition 

(6.22) ^Ao,...,Afc (no, . . . , Mfc) = eu{io, • • • , ik)Xx,^,...,\i^ {uio , . . . , J , 
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for all permutations (zq, • • • , ik) of {0, . . . ,k). Similarly, if X G W^{V) with 
k 0, then ^Ao,...,Afe(^05 • • • ,Vk) vanishes if one of the arguments Vi lies in 
the torsion T C V, and we can identify W^{V) with the space of linear maps 
X : f/^C^+i) ^ F[Ao, . . . , Xk^i]®V (by identifying F_[Ao, • • • , Xk]^v[g]V and 

F_[Ao, . . . , Afc-i] (g) V, replacing Afc by a|. = -Aq Afe_i - d) satisfying 

the symmetry condition 
(6.23) 

^Ao,...,Afc_i (^^0, ...,Uk) = eu{io, • • • , ik)Xx,^,...x^_^ (^io- J \x^^^xl ' 

for all permutations {iq, . . . ,ik) of (0, . . . , k). Given X S W^{V), k 0, a, 
preimage X G Wf (T/) of X is obtained by letting 

1 ^ 

Xxo,...,Xk («o, ■■■,Uk) = -r—r Yl ^^o,-,\k-i (uo,---, Uk) l^^^^^f , 

i=0 

where A] = — Aq— ••• — A^ — d. Indeed, it is immediate to check that, if 
X satisfies the symmetry condition (6.23), then X satisfies the symmetry 
condition (6.22). 

Let V and U be vector superspaces with parity p, endowed with a struc- 
ture of finitely generated F [5] -modules. In analogy with the reduction in- 
troduced in Section 4.2, we define the Z+-graded vector superspace (with 
parity still denoted by p) W^{V, U) = ®k&z+ ^ki^^ ^here 

wiiv, u) = Hom;^;;;^(,^,,(y^(^+i),F„[Ao, . . . , a^] ^ ^) . 

One checks that the analogue of Proposition 4.2 holds, if we replace tensor 
products over F[5] by tensor products over the field F. 

The reduced space W^{V, U) is obtained as a subquotient of the universal 
Lie conformal superalgebra W^{y ® U), via the canonical isomorphism of 
superspaces 

(6.24) U/K ^ W^{V, U) , 

where U and /C are the following subspaces of Wj^{V © U): 

U = HomU;;;^(,+,)((y©C/)®('=+i),F„[Ao,...,A,]0^), 

ic = {y|y(y®('=+i)) = 0}. 

The following analogue of Proposition 4.2 holds (the proof is similar): 

Proposition 6.7. Let X G VFf (!/©[/). Then the action of X on W'^ {Veil) 
given by Proposition 6. 5(b ) leaves the subspaces U and IC invariant provided 
that 

(i) ^Ao,...,Ah(wO) • • • ) Wh) G F_[Ao, . . . , \h\ ®U if one of the arguments wi 
lies in U , 
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(a) Xxo,...,Xh{vo, ... ,Vh) G F_[Ao, ■■■Ah] '^¥[8] y if all the arguments Vi lie 
in V . 

In this case, the action of X induces a well-defined linear map on the reduced 
space W^(y,U), via the isomorphism (6.24). 

Furthermore, as in Section 2.3, given a subalgebra Rq of the Lie con- 
formal superalgebra W^iy) = RCend(y), we define a prolongation of Rq 
m as a Z-graded subalgebra R = Rk of the Z-graded Lie 

conformal superalgebra W^{V) = 0^_iW^fc(V^), such that R_i = V 
and Rq coincides with the given Lie conformal superalgebra. The full 
prolongation W^'^^{V) = ©£_i '-^"(1/) of Rq is defined by letting 
W^^^°{V) = V, W^'^'^iV) = Ro and, inductively, for A; > 1, 

(6.25) W^'^" {V) = {Xe W^iV) I [XxV] C F[A] ® W^f {V) } . 

It is immediate to check, by the Jacobi identity, that the above formula 
defines a maximal prolongation of the Lie conformal superalgebra W^{V). 

6.2. The basic Lie conformal superalgebra cohomology complex. 

Suppose that i? is a Lie conformal superalgebra and M is an i?-module, 
with parity p, assume that R and M are finitely generated as F[9]-modules, 
and consider the corresponding element X in the subset (4.17) of Wf{IlR(B 
nM)j. Consider the reduced superspace W'^(nR,UM) introduced in Sec- 
tion 6.1, with parity denoted by p. 

Note that the element X satisfies conditions (i) and (ii) in Proposition 
6.7. Hence the action of X on W^{IIR HM), induces a well-defined en- 
domorphism dx of the reduced space W'^(nR,UM) such that dj. = 0, thus 
making {W^{IlR,IlM),dx) a cohomology complex. The explicit formula 
for the differential dx is the same as (4.19), except that we view both sides 
as elements of F[Ao, ■ ■ ■ , Xk] ® M. If iZ is a (purely even) Lie conformal al- 
gebra and M is a purely even i?-module, we recover, up to an overall sign, 
the basic Lie conformal algebra cohomology complex as defined in [BKV], 
[BDAK] and [DSK2]. 

Note that, in the special case when M = R is the adjoint representation, 
the complex {W^{UR, UM),dx) coincides with the complex {W^{UR),dx), 
where dx here is the differential given by the Lie superalgebra action of 
W^{UR) on W'^iUR) given by Proposition 6.5(b). By Proposition 6.5(c), 
the canonical map / : W^{UR) W'^iUR) defined in Proposition 6.5(a) 
is a homomorphism of cohomology complexes. The same holds for the map 
/ : W'^{UR,UM) W^{UR,UM). 

6.3. Extension to infinitely generated F[3]-modules. If V is not nec- 
essarily finitely generated as F[(9]-module, we may still consider the ¥[d]- 
module W^{V) endowed with the A-product XOxY defined by the same 
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formula (6.3). The problem here is that in general Xn;^y will be a formal 
power series in A (not anymore a polynomial) with coefficients in W^{V): 

(6.26) Da : W'^iV) x W^{V) F[[A]] «) W^{V) . 

Note that when dealing with formal power series in A, the corresponding A- 
bracket [X^y] = XD^l^ — KD-a-s^ would seem ill-defined (since the coef- 
ficient of a given power of A will be an infinite sum). However, for every fixed 
collection of vectors vq,. . . ,Vk € V, the element {X\I\xY)xo^...^Xf.{vo, . . . ,Vk) 
defined by (6.3) is polynomial in A (and all the other variables Aq, • • . , Ayt). 
Hence, {Yn^x^QX)xf^^ x^{vo, . . . ,Vk) makes perfect sense, by replacing /i 
by —A — Xq — ■ ■ ■ — Xk — d {d acting from the left) in the polynomial 
(yn^X)Ao,,,,.Afe(t'0) • • • j^fc)- We can then define their A-bracket 

[XxY] : F®'=+i^F[A,Ao,...,Afc]®y, 

which is well defined on a every given collection of vectors vq, . . . ,Vk G V: 

[XxY]xo,...,Xkivo, - ■ ■ ,Vk) = iXnxY)xo,...,Xkivo,. . . ,Vk) 

-(-l)™''^(^n-A-Ao-...-A,-5^)Ao,...,A,(«0, ...,Vk), 

(where d in the second term is moved to the left), and, on any such collection 
of vectors vq, . . . ,Vk, it is clearly polynomial in all the variables, including A. 
Alternatively, [^a^] can be described as the formal power series in A with 
coefficients in W^{V) such that (6.27) holds. 

Note that all the identities in Lemma 6.1 and Corollary 6.3 are proved on 
given collection of vectors from V. Hence, the same computations show that 
the A-bracket [XxY] on W^{V), even for non finitely generated F [5] -module 
V, satisfies all the Lie conformal algebra axioms, sesquilinearity, skewsym- 
metry and Jacobi identity, in the sense that each axiom holds (polynomially 
in the variables A, Aq, . . . , A^) on every fixed collections of vectors from V. 
We thus have the following 

Lemma 6.8. For X £ VFf (F), Y G xW^_f,iV), their X-bracket [XxY] : 
Y^k+i _^ ¥[X, Ao, • • • , Xk] ^ V satisfies all the Lie conformal algebra axioms 
on every given set of vectors from V : 
sesquilinearity 

[dXxY]xo,...,Xk{vo, ■■■,vk) = -X[XxY]xo,...,x^,{vo, ...,Vk), 
[XxdY]xo,...Aivo, . . . ,Vk) = {X + Xo^ h Xk + d)[XxY]xu,...,xivo, Vk), 

skewsymmetry 



[XxY]x„...,xlvo, . . .,Vk) = -{-iy'-''^P^^^[Y.x-Xo-----x,^dY]xo,...,xlvo, • • .,Vk), 
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where in the RHS d is moved to the left, and Jacobi identity (for X G 
W^iV), Y G xW^_f^{V) and Z G W^tkiV)) 

= [[XxY]x+f,Z]xo,...,\t{vo, ■■■,ve). 

Remark 6.9. It follows from the above lemma that, for X,Y,Z G W^{V), the 
sesquilinearity conditions [dX^Y] = -X[XxY] andjXxdY] = (A + d)[XxY] 

hold in the ring of formal power series F[[A]] (g) W^{V), and similarly the 
Jacobi identity [Xx[Y^Z]] - {-1)p^''^p(^^[Y^[XxZ]] = [[XxY]x+^Z] holds in 
the ring F[[A,/x]] (8" W^{V). As for the skewsymmetry relation [^a^] = 
_(_l)p(^)pCi^)[y_^_gX], we can only say that it holds, for every > 0, 
in the quotient space F[[A]] (g) {W'^{V)/d^W^{V)) (we need to do this to 
avoid diverging series). One may talk, in this sense, of a "generalized" Lie 
conformal superalgebra. 

Corollary 6.10. If R C W^{V) is an ¥[d]-submodule with the property that 
the X-bracket of every two elements X,Y R is actually polynomial in A 
and with coefficients in R, then R is a (honest) Lie conformal superalgebra. 

Proof. Obvious. □ 

The above result will be applied in the next sections, when studying the 
universal odd PVAs T^^'^^(nV) and W^^'^iliV). 

We can also extend, to the case of infinitely generated F[5]-modules V , 
the notions of prolongation and full prolongation. 

Definition 6.11. Let Rq C W^{V) = RCend(y) be an ¥[d]-submodule with 
the property that, for every A, y G Rq, the formal power series [XxY] has 
coefficients in Rq. 

(a) A prolongation of Rq in W'^{V) is a Z-graded ¥[d]-submodule R = 
©^_i Rk C W^{V), with Rk C W^{V), such that R-i = V, Rq coin- 
cides with the given ¥[d]-module, and, for every X G Rh, Y G Rk-h, the 
formal power series [XxY] has coefficients in Rk- 

(b) The full prolongation W^'^o{V) = ®'^=_iW^'^° {V) of Rq is defined by 
letting W^f°{V) = V, Wq'^%V) = Rq and, inductively, for k>l, 

(6.28) W^'^'^V) = {X G W^iV) I [XxV] C F[[A]] wt'^iV)} . 

One easily checks, by the Jacobi identity, that (6.28) defines indeed a 
prolongation of W^{V). 

7. The universal (odd) Poisson vertex superalgebra for a 
differential superalgebra v and basic pva cohomology 

7.1. The universal odd PVA W^'^(nV). Throughout this section, we 
let V be a commutative associative differential superalgebra, with a given 
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even derivation d, and with parity denoted by p. We assume moreover that 
V is finitely generated as a differential algebra, i.e. there are finitely many 
elements which, along with all their derivatives, generate V. 

We let RCder(V) be the Lie conformal superalgebra of right conformal 
derivations of V, namely the linear maps X\ : V — > F[A] (8" V, satisfying (6.1) 
and 

(7.1) Xx{uv) = Xx+d{n)^v + {-ir^^^P^^^Xx+a{v)^u. 

This is a subalgebra of the space RCend(V) of right conformal endomor- 
phisms, Xfj^ : V F[/i] ® V, satisfying (6.1) with A-bracket given by 
[X^YUv) = X^x^eiY^iv)) - {-l)P(^)P(^)Yx{X^{v)) (cf. (6.3)). Though 
the A-bracket on RCend(V) has values in formal power series (see Section 
6.3), when restricted to RCder(V) it is polynomial in A, due to the assump- 
tion that V is a finitely generated differential algebra. Indeed, due to the 
sesquilinearity assumption (6.1) and the Leibniz rule (7.1), an element of 
RCder(V) is determined by its values on a set of differential generators of 
V. 

Remark 7.1. Isomorphism (6.13) restricts to an isomorphism of RCder(V) 
to the Lie conformal superalgebra Cder(V) of all conformal derivations of V, 
namely the conformal endomorphisms of V, satisfying X\{uv) = Xx{u)v + 
{-l)pi^)pi^')Xx{v)u. 

Recall from Section 6.3 the definition of the F[(9]-module l^'^(nV) = 
W^(n.V) together with the A-bracket which makes it a "general- 
ized" Lie conformal superalgebra (in the sense of Remark 6.9). We denote 
its parity by p. Consider the full prolongation (cf. Definition 6.11), associ- 
ated to the Lie conformal superalgebra RCder(V) C RCend(V) = Wq{HV), 
which we denote by 

oo 
k=-l 

Proposition 7.2. (a) For every k > —1, the superspace ^'(nV) is the 

subspace of W^iJlV), consisting of linear maps X : (nV)®*-^'*'"'^^ — > 
F[Ao, . . . , Afc] nV satisfying the symmetry and sesquilinearity condi- 
tions, and the Leibniz rule (5.3) (where both sides are interpreted as 
elements o/ F[Ao, . . . , A^] (8) IIV ). 

is a Lie conformal superalgebra. 

Proof. Part (a) follows by an easy induction on k > 0. Let us next prove 
part (b). Due to the sesquilinearity and the Leibniz rule (5.3), an element 
X G W^'^(nV) is determined by its values on a set of differential generators 
of V. On the other hand, for X E I^f '^"(HV) and Y G w'fl\'(nV), we have 
that [^A^]Ao,.--,Afe(^io! • • • ) ^^jfe) is polynomial in A (and all the other variables 
Ao, . . . , Afc) for every fc-tuple (ujQ, . . . , fj^.) consisting of differential generators 
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of V. Since such /c-tuples are finitely many, we deduce that the A-bracket 
[X^y] is polynomial in A (and with coefficients in W^'^(nV), by definition 
of prolongation). Hence, the statement follows from Corollary 6.10. □ 

We next define a structure of a commutative associative superalgebra on 
the superspace nTy^''*^(nV), making it an odd Poisson vertex superalgebra. 
Let X G nw'fl^^'(nV) and Y G UW^:^^^^{UV), for /i > 0, A; - /i > 0, and 
denote by p{X) and p{Y) their parities in these spaces. We define their 
concatenation product X AY E IIW^^{HV) as the following map: 
(7.2) 

{X A y)A,,...,A,(ai, ...,ak)= • • . ,4)(-l)^("')(^("'i)+-+""^"^'^» 

ii<---<ih 
ih+i<---<ik 

x^A,j,...,A,,^(«n, • • • ,Oi^)iA,,^^^,...,A,Jajh+i, • • • ,ajj , 

where ea{ii, . . . ,ik) is as in (2.1) for the elements oi, . . . , G IIV. 

Proposition 7.3. (a) The Z^-graded superspace, with parity p, Qiy) = 
©fcLo^fcC^)' where Qk{y) = nM/^^l^^^(nV), together with the concatena- 
tion product A : Qhiy) x Qk-hiy) — ^ Qk{V) given by (7.2), and with 
the Lie conformal superalgebra X-bracket on IIQ{V) = W'^'^(nV), is a 
Z^-graded odd Poisson vertex superalgebra. 

(b) The representation of the Lie superalgebra l^^(nV) on W^iJlV) de- 
fined by Proposition 6.5(b) restricts to a representation of its subalge- 
bra W'^'^iJlV) on the odd Poisson vertex superalgebra W^'^(J1V) C 
VF^(nV), commuting with d and acting by derivations of both the con- 
catenation product and the X-bracket. 

(c) The canonical map J : W^{UV) VF^(nV) defined in Proposition 
6.5(a) restricts to a map f : W^''^(n.V) W^'^^(nV), which is a 
homomorphism of representations of the Lie superalgebra W^'^(nV) . 
Moreover, this map induces an injective Lie algebra homomorphism J : 

Proof. First, we prove that X A y in (7.2) is an element of Ilwl^'^{IlV), 
namely, it is a map (IIV)®^ F„[Ai, . . . , A^] (^IIV satisfying the symmetry 
and sesquilinearity conditions, and the Leibniz rule (5.3). The symmetry 
condition can be checked directly with the usual argument (see e.g. the 
proof of Proposition 3.4), while the sesquilinearity condition is immediate 
by the definition (7.2) of the concatenation product. As for the Leibniz rule, 
by the symmetry condition it is enough to prove (5.3) for i = k, i.e. 
(7.3) 

{X A y)Ai,...,Afc(ai, • • . ,ak-i,bc) = {X A Y)x^,...,\^_^,Xi^+d{ai, . . .,ak-i,b)^ 
+ i-iy^'^P^'^ {X A y)A„...,A,_„A,+e(ai, . . . , cUb . 
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We have, by the definition of the concatenation product, 
(7.4) 

{X A y)Ai,...,Afc(ai, • • . ,afc_i, 5c) = 

E ea„...,a,_„fec(il, . . . , i,)(-l)P(^)(PK)+-+PK)) 

ii<-<ih<k 
ih+i<-<ik=k 

X Xx^^ ,...,A,^ (Oil , . . . , J^A,^^^ ,...,A,,„i ,Afc , • • • , , 6c) 

+ 5: . . . ,,,)(_i)^(>')(^-K)+-+^'K-.)+^^(^^)) 

il<---<jh=fc 
ih+l<---<ifc<A: 

x^A,^,...,A,^_^,Afc(an,- • ■ ,ai^-i,bc)Yx^^^_^,...x^^ • • • ^'^O ■ 

Equation (7.3) can be derived from (7.4) using the Leibniz rules (5.3) for 
X and Y, together with the sign identities (3.5) (vahd in the first term of 
the RHS of (7.4)), (3.6) (vahd in the second term of the RHS of (7.4)), and 
(3.7). 

We now prove that the concatenation product (7.2) makes nVF^''*'^(nV) 
into a commutative, associative, differential superalgebra. First, one easily 
checks that X AY has parity p{X) + p{Y) as an element of nW^^^%UV), 
so that 'nW^'^^(nV), endowed with the concatenation product (7.2), is a 
superalgebra. Recalling the definition (6.2) of the F[(?]-module structure of 
IlW^'^^(nV), it is immediate to check that d is an even derivation of the con- 
catenation product (7.2), making nVF^''^'^(nV) a differential superalgebra. 
Moreover, since V is a commutative superalgebra, we have 

^A,-^,...,A,^(aii, . . . ,ai^)Yxi^^^,...Afc(^*h+i' • • • '«iJ 

= "^^K+v-^^^k ^^^h+i ! • • • > )-'^A,^ ,...,Xi^ {ai^ , • • • , Oj J , 

where ± = (_l)(P(^)+P(«n)+-+P('^»J)(p(>')+P(««.+i)+-+P>«J). This immedi- 
ately implies commutativity of the concatenation product (7.2). Finally, 
given X G nW^^^rT(nV), Y G UW^r^^^{UV), Z G UW^1^^_^{UV) , and 
ai,. . . ,a£ G nV, we have, using associativity of V, that both (X A (Y A 
^))Ai,...,A£.(ai, ■■■,ai) and {{X AY) A Z)x^,...,\iiai, ...,ae) are equal to 

^ eaih,.- . ,i^)(-l)P('*^)(PK)+---+P(««h))+p(2)(p(an)+---+pKJ) 

ii<-<ih 
ih+i<---<ik 
ik+i<—<il 

X\i^,...X^{o-il^ ■ ■ ■ ) ajJ'^Ai^^^,...,Ai^ • • • )«ifc)^Ai^_^^,...,Ai^ ) ■ ■ ■ 

proving associativity of the concatenation product. 

To complete the proof of part (a) , we need to prove that the A-bracket on 
Vl^^'^'^(nV) satisfies the odd Leibniz rule, 

(7.5) [XxY AZ] = [XxY] AZ + (_i)p(^)p(^)y a [X^Z] , 
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thus making G{V) = IIW^'^^{HV) into an odd Poisson vertex superalgebra. 
This follows by the following two identities, which can be checked directly: 
(7.6) 

XOxiYAZ) = (XaxY) A Z + {-if^^'^P^^^Y A (ZOxX) , 

{X A Y)axZ = {e^^^X) A {YOxZ) + {-l)P(^^P(^\xax+aZ)^ A Y . 



Let us next prove part (b). Given X G W^'^'(nV) and Y € W^:!^{UV), 

we want to prove that [-^,5^], defined by (6.15), belongs to W^'^CnV), i.e. 
it satisfies 
(7.7) ^ 

^]Ao,...,Afe(«0, • • • , CLk-l, be) = [X, y]Ao,...,Afc_i,Afe+a(«0, • • • , ak^i,b)^c 
+ (-l)PWf(^) [X, y]Ao,...,A,_i,A,+a(«o, . . . , ak-i,cUb . 



Recall, from Section 6.1, that the left and right box products defined in 
(6.16) are such that [X,Y] = XU^Y - {-if^^^P^^^YU^X . Since, by as- 
sumption, X and Y satisfy the Leibniz rule (5.3), and using the sign iden- 
tities (3.5) and (3.6), we get, after a straightforward computation, that 
(7.8) 

(Xn^y)Ao,...,Afe (oo, • • • , ak-iM) = (Xn^y)Ao,...,Afc+a(ao, • • • , ak-i, b)^c 

+(-l)P('')p(-)(Xa'^Y)x,,...,x,+diao, . . . , ak-i,cUb 

(io, ■■■Jk) 

io<---<ik^h=k 
ik-h + i<---<ik<k 

J (_1\p(^)(p(^)+pK)+---+pK-,.-i)+?'W)y-, , ^ ^ ^f, 

U -Lj J'A,g,...,A,^_^_^,A,^_^ + -+A,^+a 

(ai,, ai,_,_,, 6)^X_A,^_,^^^-...-A,^-a,A,^_^^^,...,A,^ (c, ai,„,+,, . . . , a^J 

, / 1^P(6)p(c)+p(X)(p(?)+p(a^o) + ■■■+^5(«^fc_;._l)+P(c))€^^ , , , , 

+ 1 ^) ^A,o,...,A,fc_;,_iAfe_„+-+A,^+a 
(Ojg, . . . , , c)-s.^~Aij._^_|_^ Aij.-(9,Aij,_^ ...,Aij. {b, ajfe„;j^i ) • • • ) ^ifc) r • 



Similarly, for the right box product we have 
(7.9) 

(yn^X)Ao,...,Afe(ao, ■ ■ . ,afc_i,6c) = {Yn^X)xt^,...,Xk+diao, ■ ■ .,ak-i,b)^c 
+(-l)P(mc)^Ya^X)x„...,x,+d{ao, . . .,ak-i,cUb 
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+ X] eao,...,afe_i,fec(^0,---,«fc) 



io<---<ih=k 
ih+i<---<ik<k 

I (■_X)(P(^)+P(%)+'''+P('^'h~l)+P(''))(P('^)+P('^»h+i)+'''+P('^»fc 

^^Ai,j+---+Ai^+0,Ai^_^^,...,Ajj^ (c, ai^_^^, . . . ,aij_> 
xXa,(,,...,a,^_^ -A,(, A,^_j-9(aio, • • • ^) 

X^AiQ+-+Ai^+9,Ai^_^^,...,A,^ flih+i , . . . , flj 

X ^A,(, ,...,A,,^_^ -A,(, A,^_ J -9(aio , • • • , Oih_i , c)| . 

Note that, by the symmetry conditions on X and Y, the sum in the RHS 
of (7.8) and the sum in the RHS of (7.9) differ by the factor (-1)p(^)p(^). 
Hence, combining (7.8) and (7.9), we get (7.7). This shows that we have a 
well-defined representation of the Lie superalgebra W^'^^(nV) on W'^'^{IIV). 

Thanks to Proposition 6.5(b), the action of VF^'^'(nV) on t^^^'^'(nV) 
commutes with d and it is given by derivations of the A-bracket. To complete 
the proof of part (b) we only have to check that the Lie superalgebra action 
of l^^'^'^(nV) on W^'^{HV) is by derivations of the concatenation product, 
i.e. 

(7.10) [X, Y AZ] = [X,Y]AZ + (_i)P(^)p(?)y a [X, Z] . 

This follows by the following two identities (similar to (7.6)) which can be 
checked directly: 

Xa^{YAZ) = (XD^y) AZ+ (-l)PWP(^)y A (ZD^X), 

{X AY)a^z = X A (za^z) + {-i)p^^^p^^\xa^z) AY . 

Finally, part (c) is immediate from Proposition 6.5. □ 

It follows from Propositions 5.2 and 7.3 that, for any Poisson vertex su- 
peralgebra V, which is finitely generated as differential algebra, we have a 
differential dx on the superspace given by the action of X on this 

space, where X is the element in the set (5.4) associated to the Lie conformal 
superalgebra structure on V. Moreover, by Proposition 7.3(b), the differen- 
tial dx is an odd derivation of the odd PVA structure of l^^''^*^(nV) . We thus 
get the basic PVA cohomology complex {W^'^^{HV),dx)- By Proposition 
7.3(c), the canonical map / is a homomorphism of cohomology complexes 
{W^'^{UV),dx) (W^^'^'^(nV),adX). 
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7.2. The universal PVA iy^'^"(V). As in Section 3.3, instead of VF^(nV), 
we may consider the universal "generalized" Lie conformal superalgebra 
W^(y), with parity p, and, inside it, the full prolongation of RCder(V) C 
W^{V) = RCend(V), which we denote by 

oo 
k=-l 

As in Proposition 7.2, one proves that wl!''^{V) consists of linear maps 
X : — ). F[Ao, • • • , Afc] (8) V satisfying the symmetry and sesquilinearity 
conditions, and the Leibniz rule (5.5). 

As in Proposition 7.3, assuming that V is finitely generated as differential 
algebra, one can define on W'^'^^CV) a structure of a Poisson vertex algebra, 
where the A-bracket comes from the A-bracket (6.27) on W'^{V), and the 
commutative associative product is given by a concatenation product as 
in (7.2), with p replaced by p. Moreover, the representation (6.15) of Lie 
superalgebra W^{V) on VF'^(V) induces a representation of its subalgebra 
W^'^^{V) on the Poisson vertex superalgebra W^'^^{V) C W^{V), acting by 
derivations of both the concatenation product and the A-bracket. 

It follows from Proposition 5.4 that, for any odd Poisson vertex superal- 
gebra V, which is finitely generated as differential algebra, we have a dif- 
ferential dx on the superspace W'^'^{V), given by the action of X via the 
representation of W^'^{V), where X in (5.6) is associated to the Lie con- 
formal superalgebra structure on HV. We thus get a cohomology complex 

8. Algebras of differential functions and the variational 

COMPLEX 

8.1. Algebras of differential functions. An algebra of differential func- 
tions V in one independent variable x and i dependent variables Ui, indexed 
by the set I = {1, ■ ■ ■ ,i} {I may be infinite), is, by definition, a differential 
algebra (i.e. a unital commutative associative algebra with a derivation 9), 
endowed with commuting derivations — : V — )■ V, for all i G I and 

n € Z+, such that, given / € V, —^f = for all but finitely many i € / 

dui ' 

and n € Z_(_, and the following commutation rules with d hold: 



.1 



d 



where the RHS is considered to be zero if n = 0. An equivalent way to write 
the identities (8.1) is in terms of generating series: 

(8-2) E-'^T^°^ = (-+^)° E " ^ 
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Remark 8.1. It would be natural in this paper to consider a commutative 
differential superalgebra V, with an even derivation d. However, we re- 
stricted ourselves to the purely even case for the sake of simplicity. The 
generalization to the superalgebra case is straightforward. 

We call C = Kei{d) C V the subalgebra of constant functions, and we 
denote by J-" C V the subalgebra of quasiconstant functions, defined by 

df 

(8.3) ^={/G V|^ = OVie/, neZ+}. 



du, 



It follows from (8.1) by downward induction that a constant function is 
quasiconstant: C <Z J-. Also, clearly, dJ- C J-. One says that / € V has 
differential order n in the variable Ui if -^4t aiid — = for all 
m > n. 

Typical examples of algebras of differential functions are: the ring of 
translation invariant differential polynomials, Ri = |z € /, n E Z+], 

where 9(iij-"'*) = u^"'~^^\ and the ring of differential polynomials, Re[x] = 

¥[x,ul^^ I z G /, n G Z+], where dx = 1 and 9n^"^ = u["'~^^\ Other examples 
can be constructed starting from R^ or Ri[x] by taking a localization by 
some multiplicative subset S, or an algebraic extension obtained by adding 
solutions of some polynomial equations, or a differential extension obtained 
by adding solutions of some differential equations. In all these examples, 
and more generally in any algebra of differential functions extension of Rg, 

the action of (9 : V ^ V is given hy d = — — h u,-""''^^ — r^, which 

dx ^ ' 

implies that 

(8.4) Tr\dV = dT . 

Indeed, if / G V has, in some variable Uj, differential order n > 0, then df 
has differential order n + 1, hence it does not lie in 
The variational derivative ^ : V V®^ is defined by 



6ui ' ^ 



It follows immediately from (8.2) that 



(8.6) 



for every i G I and / G V, namely, dV C Ker 

A vector field is, by definition, a derivation of V of the form 

We denote by Vect(V) the space of all vector fields, which is clearly a sub- 
algebra of the Lie algebra Der(V) of all derivations of V. A vector field X is 
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called evolutionary if [d, X] = 0, and we denote by Vect^(V) the Lie subalge- 
bra of all evolutionary vector fields. Namely, Vect^(V) = Vect(V) nDer^(V). 
By (8.1), a vector field X is evolutionary if and only if it has the form 

(8.8) XP= E 

where P = {Pi)i^j S V^, is called the characteristic of Xp. As in [BDSK], 
we denote by the space of ^ x 1 column vectors with entries in V, and by 
V®^ the subspace of £ x 1 column vectors with only finitely many non-zero 
entries. 

8.2. de Rham complex il*(V) and variational complex Q*{V). Here 
we describe the explicit construction of the complex of variational calculus 
following [DSK2]. 

Recall that the de Rham complex 0*(V) is defined as the free commuta- 

(n) 

five superalgebra over V with odd generators 5u] , i (z I ,n Z+ and the 
differential 5 defined further. The algebra il*(V) consists of finite sums of 
the form 

(8.9) S= Yl C^.r'^-!r^A...A5n(-'=), /^-^"^eV. 

il,...,ifeG/ 
mi,...,mfe 



We have a natural Z+-grading $7*(V) = 0^^^ 0,^{V) defined by letting 

(n) 

elements in V have degree 0, while the generators (5n^ have degree 1. The 
space ^'^(V) is a free module over V with a basis consisting of the elements 
Ju-™^'' A - • • A6u\^''\ with (mi,ii) > • • • > {mk,ik) (with respect to the lex- 
icographic order). In particular ^}^(V) = V and 0^(V) = ©jg/ 

We let 6 be an odd derivation of degree 1 of 17* (V), such that 6f = 
ngz ^L) '^^1"^ / S V, and 6{6u\"'^) = 0. It is immediate to check 

that 5^ = and that, for w € O'^ as in (8.9), we have 

apmi...mfc 

(8.10)^^(5)= E ^^<^K^^A...A<-^ 

i6/,Jiez+ ii,...,ikei 

mi,...,mi^£Z^ 

The superspace ^}*{V) has a structure of an F[5]-module, where d acts as 
an even derivation of the wedge product, which extends the action on V = 
il'^(V), and commutes with 6. Since d commutes with 6, we may consider the 
corresponding reduced complex ri*(V) = (V) / dQ' (V) = 0fcgz^ ^^'^(V), 
known as the variational complex. By an abuse of notation, we denote by 5 
the corresponding differential on f2*(V). 
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We identify the space n'^iV) with the space of skewsymmetric arrays, i.e. 
arrays of polynomials 



(8.11) P= (P,„...,,,(Ai,...,Afc))^^^ 



where -Pii,...,ij.(Ai, . . . , Afc) G F[Ai, . . . , Afc] ® V are zero for all but finitely 
many choices of indexes, and are skewsymmetric with respect to simulta- 
neous permutations of the variables Ai, . . . , Afc and the indexes «i, . . . , ifc. 
The identification is obtained by associating P in (8.11) to u in (8.9), where 
Pj^^'"-'^*"* is the coefficient of A*,"^ . . . A™**' in Pi^,,,,^^. (Ai, . . . , Afc). The formula 

for the differential 6 : Q^{V) — )■ 0^'+-'^(V) gets translated as follows: 



U2) (5^0,...,.. (Ao, . . . , Afc) = ^^(-l)" Yl '"''"Ih""" K 



dP, a . (Ao,.:.,Afc) 



In this language the F[9]-module structure of Vt'iV) is given by 
(8.13) (9P)ii,...,i,(Ai, . . . , Afc) = (9 + Ai + • • • + Afc)Pi,,...,i,(Ai, . . . , Afc) , 

so that the reduced space Vl^iy) = Cl'' {V) / d^l'' {V) gets naturally identified 
with the space of arrays (8.11), where Pii,...,jj.(Ai, . . . , Afc) are considered as 
elements of F_[Ai, . . . , Afc] ®^[g\ V. The differential 5 on r2*(V) is given by 
the same formula (8.12). 

For example, ^^{V) = V/dV, and 0^(V) is naturally identified with V®^, 
thanks to the canonical isomorphism F[A] (8>F[a] V — V. Under these identifi- 
cations, the map 5 : V/dV — )■ V®^ coincides with the variational derivative 
(8.5): 

W) = ^. 

where, as in the previous sections, we denote by / i-)- J f the canonical quo- 
tient map V — > V/dV. Furthermore, J7^(V) is naturally identified with the 
space of skewadjoint £ x .^-matrix differential operators S{d) = [Sij{d)) . ^^j. 

This identification is obtained by mapping P = { '^mnez+ 

to the operator S{d) given by Sij{d) = J2m,n&z+(.-9T ° Pl^fd"". With 

these identifications, formula (8.12) for the differential of F S V®^ = f!.^{V) 

becomes 

5F = -Dpid) + D*p{d) , 

where 



is the Frechet derivative of F, and D*p[d) is the adjoint differential operator. 
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VmA := / G V 



8.3. Exactness of the variational complex. Recall from [BDSK] that an 
algebra of differential functions V is called normal if we have — ^ (Vm i) = 

Vm i for all i ^ I,m ^ where we let 
(8.15) 

df -1 
— ^ = if (n, j) > (m,z) in lexicographic order | . 

We also denote Vm,o = Vm-i,£, and Vo,o = 

The algebras Ri and Ri[x] are obviously normal. Moreover, any their 
extension V can be further extended to a normal algebra. Conversely, in 
[DSK2] it is proved that any normal algebra of differential functions V is 
automatically a differential algebra extension of Rg. 

In [BDSK] we proved the following result (see also (8.4)): 

Theorem 8.2. If V is a normal algebra of differential functions, then 

(a) H''{h'{V),6) =0 fork>l, and H'^{h'{V),6) = T, 

(b) H''{n-{V),5) =0 fork> 1, and H"{n'{V),6) = T/dT. 

In particular, ^ = if and only if f ^ dV + J-, and F G V®^ is in the 
image of ^ if and only if its Frechet derivative Dp{d) is selfadjoint. 

9. The Lie superalgebra of variational polyvector fields and 

pva cohomology 

Let V be an algebra of differential functions extension of the algebra of 
differential polynomials Ri = F[nj"'* | i € /, n € Recall from Section 5.1 
the Z-graded Lie superalgebra l^^''*^(nV), obtained as a prolongation of the 
Lie algebra Der^(V) of derivations of V, commuting with d, in the universal 
Lie superalgebra W^{UV). In Section 9.1 we introduce a smaller Z-graded 
subalgebra of VF^(nV), which we call the Lie superalgebra of variational 
polyvector fields, denoted by I^™(nV) = 0^_i W^^'. It is obtained as a 
prolongation of the Lie subalgebra of evolutionary vector fields Vect^(V) C 
Der^(V), introduced in Section 8.1. We then identify in Section 9.3 the space 
p^var^-Qy^ with the space Q*{V) introduced in Section 8.2, and we relate the 
corresponding cohomology complexes. 

9.1. The Lie superalgebra of variational polyvector fields W^^^(nV). 
Recall that the superspace W^(nV), of parity k mod 2, consists of maps 
X : V'^i'^'^^) F_[Ao, . . . , Afc] ^f[Q] V, satisfying sesquihnearity: 

(9.1) Xxo,...,\^{fo, ...dfi...,fk) = -AjXAo,...,Afc(/o, ■■■Jk), i = 0,...,k, 

and skewsymmetry: 
(9.2) 

-'^A^(0)v,A„(fc)(/(7(0)) ■ ■ ■ ,fa{k)) = sign(fT)XA(,,...,Afc(/o, ■ ■ ■ , fk) , S 'S'fe+1 ■ 

(n) 

In the special case when V = Re = F[u,. | i G /, n € Z_|_], the Leibniz rule 
(5.3) implies the following master equation for an element X € W^'^(IIV), 
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which expresses the action of X on in terms of its action on {k + 1)- 

tuples of generators: 

x.„...,.,(/o,...,/.)= y: (e^'^o-^y.. 

(9.3) mo,.--,mfeeZ+ 

e'''" (-Ao)"" . . . i-Xkr'X,,_,^ K, . . . , . 

Here we are using the following formula: 

(9.4) (e^^V)P(A) := ^ ^(9^)^^ = P{X + dUf . 

In general, for an arbitrary algebra of differential functions V containing Ri, 
we define the space VF™'' of variational k- vector fields as the subspace of 
W^{HV) consisting of elements X satisfying the master equation (9.3). By 
(9.4), another form of equation (9.3) is the following (for each s = 0, . . . ,k): 

Xxo,...,XkifOj ■ ■ ■ ifk) 

(9-5) = ^Ao,...,A.+a,...,A,(/o,...,4...,/fc)^(-A.-a)™-^, 

s 

where Ui means that Ui is put in place of fs- 

Note that the master equation implies that X satisfies the Leibniz rule 
(5.3). Thus, Wl""' is a subspace of W^''^{IIV). 

Proposition 9.1. The superspace W^^^(IIV) is a Z-graded subalgebra of the 
Lie superalgebra W^'^^{IIV). 

Proof. The proof of this statement is similar to that of Proposition 5.1. 
We need to prove that, if X G Wf^"' and Y G W^t\, then [X,Y] = 
XOY — {—l)^^''~^^YnX lies in W™, namely, it satisfies the master equa- 
tion (9.3), or, equivalently, equation (9.5) for s = 0, . . . , A;. We observe that, 
since [X, y]Ao,...,Afc (/o, ■ ■ ■ , fk) is skewsymmetric with respect to simultane- 
ous permutations of the variables Aj and the elements fi, it suffices to prove 
that [X, Y] satisfies equation (9.5) for s = 0. We have, by a straightforward 
computation, 

(^°^)ao,...,A,(/0' /!>•••> A) 

= E (^°^)Ao+a,A„...,A,K'/i'---'^)-(-Ao-9)'^||y 

i,j£l,m,nGZ+ ii<-<ik-h i j 

ik-h+i<---<ik 

X ((l/ + 9)"X_^_a,A,,_,^^^,...,A,, (Uj, fik_,^+, , • • • , /i j) 

X ((a^ + 9)™y-^-aAi,...,A,,_^ (ui, /n, . . . , j) , 
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where it is the sign of the permutation {ii, . . . of the set 
A* = Ail + • • • + "^ik-h ^^'^ ^ ~ Aifc_h+i + ■ ■ ■ + . To complete the proof we 
just observe that the second sum in the RHS is supersymmetric in X and 
Y: if we exchange them it gets multiplied by (— 1)^('^~'^). Hence it does not 
contribute to [X, Y] . □ 

We can describe exphcitly the spaces M^™'' for k = —1,0,1. Clearly, 
WZf = V/dV. Identifying F_[A](8)]f[g] V with V, the master equation (9.3) for 

X G 1^0™' reads X{f) = X:,g,^„g^^ (9"X(n,))^, i.e., X is an evolutionary 

vector field, see (8.8). Hence = Vect^(V). Next, recall from Section 4.1 
that (HV) is identified with the space of sesquilinear skewcommutative 
A-brackets {• a •} : V (8) V F[A] (g) V. For X G T4^f (IIV), the corresponding 
A-bracket is {fxg} = Xx-\-dif,g)- Under this identification, the master 
equation (9.3) translates into the usual formula for A-brackets (cf. [DSKl]): 

(9.6) {hg}= Yl ^(^ + 9r{^^^x-^^nJU{-X-^r^. 

Hence, VF™'' is identified with the space of skewcommutative A-brackets on 
V satisfying equation (9.6). 

We can also write some explicit formulas for the Lie brackets in (HV) . 
Recall that is an abehan subalgebra. If X G A; > 0, and //o G 

V /dV = ^ recalling equation (4.10) and applying the master equation 
(9.5), we have, 

(9.7) [X, //]Ai,...,Afe(/l, • • • , /fc) = X] ^<9,Ai,...,Afc(^ii, /l, • • • , fk)^T^ ■ 

In particular, for A; = 0, recalling that Wq^'^ = Vect'^(V) is identified with 
via Xp (cf. (8.8)), we have 

(9.8) [XpJf] = fXp{f) = Y,In^^- 

i&I 

Moreover, for k = 1, recalling that W^^^^ is identified with the space of 
skewcommutative A-brackets, we have 

(9.9) [{-A-}, //](<?) = {/a5}L=o- 

We next identify skewcommutative A-brackets with skewadjoint differential 
operators by associating to a given A-bracket {• a •} the differential operator 
H{d) = {Hij{d)). .^j : V®^ ^ V^ given by 

(9.10) Hij{d) = {u,gu,}^. 

Furthermore, identifying the space of evolutionary vector fields with V^, we 
can rewrite (9.9) as follows 

(9.11) [H{d)Jf]=Hid)^J- ( = X^(a)|£ 
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Next, let X € Vect^(V) = VFq™'' and Y € A; > 0. We have, by (4.11), 

[X,Y]xo^...^\^^{fo, ... ,fk) = -'^(^Ao,...,Afe(/o, ■ ■ ■ , fk)) 

^^■^^^ -^yAo,...,A,(/o,...^(/.)...,/fc). 

1=0 

For k = this reduces to the usual commutator of evolutionary vector fields: 

(9.13) [P, Q], = [Xp,XQ]{ui) = Xp{Qi) - XQ{Pi) , 

while for A: = 1 it gives, identifying H € WJ^^^ with the corresponding 
skewcommutative A-bracket {■ \-}h-, 

(9.14) {fxg\x,H] = X{{hg}H) - {X{f)xg}H - {fxX{g)}H , 

or equivalently, restricting to generators and using the notation in (9.10), 
(9.15) 

[Xp,H]i,{\) = Xp[H,.j{\)) 

k&I,n&+ fce/,n.GZ+ '^'"fc 

In the last identity we used the definition (8.14) of the Frechet derivative 
Dp{d). Equivalently, in terms of differential operators, we have 

(9.16) [Xp,H]{d) = Xp{H){d) - H{d) o D*p{d) - Dp{d) o H{d) , 

where Xp{H) means applying the derivation Xp to the coefficients of the 
differential operator H{d). Finally, let H G W{^^ be associated to the 
skewcommutative A-bracket {• a and let Y £ W^^^, k > 1. We have, by 
(4.12), 
(9.17) 

. k 

[H,YU,_xMo,---Jk) = {-i)''^HY(-^y{f^^.\ ' . (/o,.:.,A)}^ 
+ E i-^y^'y {{f.xJj}Hjo,.:..:.Jk) 

0<i<j<k Ai+Aj,Ao, ,Afc 

In particular, for k = 2, 

(9.18) = {{fx9}Kx+^,h}H - {fx{gf.h}K}H + {5/.{/a/i}a'}// 

+{{fxg}Hx+,,h}K - {fx{gfih}H}K + {g,i{fxh}H}K ■ 

Remark 9.2. As we pointed out above, W^^'^ = W^'^ ifV = Ri. This is not 
always the case for an extension of For example, consider the algebra 
of differential functions in one variable V = i?i[e"], with de^ = e^v! . In 
this case, W^""' = Vect^(V), while Wo^'^'(nV) = Vect^(V) +FZ, where Z is 
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the derivation of V commuting with d given by: Z{Pe"^'^) = mPe'^^, P € 
Ri, m G Z+. 

9.2. PVA structures on an algebra of differential functions and co- 
homology complexes. Let K G Wi'^^ be such that [K, K] = 0, and denote 
by {• A ■}k the corresponding Poisson A-bracket on V, and by K{d) the corre- 
sponding Hamiltonian operator given by (9.10). Then (adi^)^ = 0, hence we 
can consider the associated Poisson cohomology complex {W^'^^ (HV) , ad K) . 
Let Z^(V) = er=-i2i, where Z| = Ker ( ad , and S^(V) = 

0^_i5|, where = {adK){W^^\). Then Z^{V) is a Z-graded subal- 
gebra of the Lie superalgebra l/F™''(nV), and I3'j^{V) C Z^{V) is an ideal. 
Hence, the corresponding Poisson cohomology 

oo 
k=-l 

is a Z-graded Lie superalgebra. 
By equation (9.11), We have 

= {jfGV/dV\ {fxV}K\,^, = 0}. 
Next, recalhng that VFq™'' = Vect^(V), we have 

= {^Kid)li I // e ^/^^} = {i/A ■}!< L=o I // e V/dv} , 

where Xp G Vect^(V) was defined in (8.8). Moreover, recalhng equation 
(9.14), we get 

Z^K = {xe Vect^(V) I X{{fxg}K) = {X{f)x9}K + {fxX{g)}K, f,g ev] 

or, identifying Vect^(V) = via (8.8), we have by (9.16) 

2^ = |P G I Xp{K{d)) = K{d) o D*p{d) + Dp{d) o K(5)} . 

Finally, recalling (9.17) we get that, for A; > 1, consists of elements 
X G W'^^^ satisfying the following equation: 

k+l 

Y^{-iY{f,^^x . (/o,.:.,A+i)}j 



i=0 Ao,.:.,Afc+i ^ 



o<i<i<fc+i A,+A„Ao,.:..:.,Afe+i 
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and consists of elements X € VF™'' of the form 



-'^Ao,...,Afe(/o,---,/fc) - ^(-l)*{/iAi^ i, (/o, • • -i/fc)}^ 



0<i<j<k 



Ai+Aj,Ao, ,A/i; 



for some y G W^-i- 



Remark 9.3. One can show that the identity map on V/dV = n°{V) = Wlf 
extends to a homomorphism of cohomology complexes ■ i^'O^)^^) ~^ 
(T^^^''(nV),adi^) , P G Q*^+i(V) ^ ^>^P G defined by the following 

formula: 

(^x^')a„,...,a,(/o,...,A) = (-1)'+' E 
(9-19) io,...,i.e/ 

-Pjo,...,jfc(Ao + 5o, . . . , Afc + 9fc){/oAo'"*()}i^ • • • {/fcAfc^jJi^ ) 

where 9„ is d applied to {fa\a'>J'ia}K- For k = 0,1 the map <I>^ reduces to 
= K{d)F, F G V®^, where is the differential operator associ- 

ated to K via (9.10), and, identifying elements in r2^(V) and VF™"^ with the 
corresponding skewadjoint differential operators, we have 

(9.20) ($]^5) (d) = -K{d) oS{d)o K{d) . 

One can also show that, for /c > 1, the map <I>|^ : J7*''+^(V) — > is 
injective provided that the map K{d + A) : V[A]®^ ^ V[A]^ is injective. 

9.3. Identification of T4^™''(nV) with i7*(V). In this section we will con- 
struct an explicit identification of the superspaces W^^^ and Q^^^iy) for 
finite I. However, this identification is not covariant, i.e. it depends on 
the choice of generators Uj, i G /, of the algebra of differential functions V. 
Indeed these two spaces play completely different roles. In a forthcoming 
publication we will give a covariant description of the variational complex 
il*(V), and clarify the relation between these two complexes, as well as the 
relation with the calculus structure discussed in [DSHK]. 

Note that if X : V®(''+^) F_[Ao, . . . , A^] (8)F[d] V satisfies the master 
equation (9.3), then automatically it satisfies sesquilinearity. Moreover, it 
satisfies skewsymmetry provided that it is skewsymmetric on the generators 

Ui, i G /. Conversely, any map X : ( 0-^^ Fuj)®^'"'^^^ F_ [Ao, . . . , Xk]^w[a] 
V satisfying skewsymmetry can be extended uniquely to an element of W^^^ 
by the master equation. Hence, X G W^^'^ is completely determined by 
the collection of polynomials XAo,...,Afc {uiq, . . . ,Ui^) G F_[Ao, . . . , A^] ^Ffa] V, 
with ii, . . . , ifc G /. 

Thanks to the above observations, we construct an injective linear map 

$ : i7'(v) ^iy™''(nv). 
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sending P € n''+\V) to ^''P G defined on generators by 

(9.21) («'''P)ao,...,a,K, • • = ^io,...,i.(Ao, • • • , Afc) , 

and extended to a map ^>^P : V®(^+^) ^ F_[Ao, . . . , Afc] Opp] V by the 
master equation (9.3). Clearly, $ is surjective for finite i, and it is injective 
in general. Note that formally coincides, up to a sign, with in (9.19) 
if we let K = 1. 

Let i be finite. Let K G W™ be such that [K,K] = 0, and consider 
the Poisson cohomology complex (W^^'^ (HV) , ad K) . Using the bijection 
<^ : n'{V) W^'iUV), we get a differential dx : ^''{V) 0^+i(V) 
induced by the action of ad-fC on VF™''(nV). Explicitly, recalling equation 
(9.17), we have 
(9.22) 

(di<:-P)io,...,ifc(Ao, • • • , Afc) 

/ fc dP . , (Ao,.°.,Afc) 
= ^ ^(-1)" " (A« + a)"J^,,„(A,) 

+ E ("ir""^^.. . ^ . (Aa + A^ + a,Ao,."..l,Afc)^ 

(-A„-A^-a) 

9.4. The variational and Poisson cohomology complexes in terms 
of local polydifFerential operators. Let V be an algebra of differentiable 
functions extension of = F[itj-"^ | i G /, n G Z_|_]. Recall [DSK2] that a k- 
local differential operator of rank r is an F-linear map S : (V®'')'^ — )• V/dV, 
of the form 

(9.23) s{p\ ...,p') = J Yl C:::r'(^"''^i) ■ ■ ■ (^'"'^t) > 

mi,...,mfeSZ+ 
ji,...,ifeG{l,...,r} 

where the coefficients fl^^'"i^'' lie in V, and, for each fc-tuple (ii,...,ifc) 
they are zero for all but finitely many choices of (mi, . . . , mfc) G Z^. When 
r is infinite, S is called of finite type if all but finitely many of the coefficients 
fi^^'"i^^ are zero. In this case, S extends to a map S : (V)'^ V/dV. The 
operator 5 is called skewsymmetric if 

S{P\ ...,P^) = sign(a)5(P"(i\ . . . , P"^^^) , 

for every P^, . . . , G and every permutation a ^ Sk- In this section 
we describe both the variational complex il.*{V) and the space of variational 
polyvector fields l^™''(nV) in terms of local polydifferential operators. 

Lemma 9.4. We have a canonical isomorphism o/ F_[Ai, . . . , Afc] ®f[9] ^ 
to the space of local k-differential operators of rank 1, which associates to 
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the polynomial /(Ai, . . . , A^) = ^ jmi,...,mfe^mi _ _ _ ym^ ^ J . 

mi,...,mfceZ+ 

yfc — > V/dV, given by 

(9.24) ...,gk)= Yl /r^'-'™n9'"^5i) • • • (d'^'gk) ■ 

mi,...,mfceZ+ 

Proof. Note first that, if the polynomial /(Ai,...,Afc) lies in the image 
of (9 + Ai + • • • + Afc), then the corresponding local /c-differential opera- 
tor / : V'^' ^ V/dV is zero. Hence, we have a well-defined linear map 
from F_[Ai, . . . , Afc] (8)F[a] V to the space of local /c-differential operators 
of rank 1, given by (9.24). Clearly any local ^-differential operator of 
rank 1 is in the image of this map. We are left to prove injectivity. Let 
/ G F_[Ai, . . . , Afc] (S)w[d] V be such that f{gi,...,gk) = for all gi,...,gk. 
Recall that we have a (non-canonical) isomorphism F_[Ai, . . . , A^] C5iF[g] V — 
F_[Ai, . . . , Xk-i] 'Si V, obtained by replacing A^ with — Ai — • • • — Afc_i — d. 
Hence, we can write the polynomial / in the form 

/(Ai, . . . , Afc„i) = Ar . . . XT-i' ■ 

mi,...,mfc_i&Z+ 

Since, by assumption, the corresponding map IS zero, we 

get 

mi,...,mfc_igZ+ 

for every gi,. . . ^gj. € V. By the non-degeneracy of the pairing V x V — > 
V/9V, {f,g) = Jfg (cf. Lemma 10(c) from Section 5.2 of [DSK2]), it follows 
that 

mi,...,mfc_igZ+ 

for all gi, ■ ■ ■ ,gk-i G V. This is equivalent to /(Ai, . . . , Afc_i) = 0. □ 

Proposition 9.5. (a) We have a canonical isomorphism of Q^iy) to the 
space of skewsymmetric local k- differential operators of rank I of finite 
type, which associates to the element P G ^^{V) the local k- differential 
operator S : (V^)^ — )• V/dV, given by 

(9.25) S{P\...,P')= Yl lP.r,...,,{di,...,dk)P!,...P^, 

ii,...,ik&I 

where means d acting on Pf^ . 
(b) We have a canonical isomorphism of the space of variational k-vector 
fields to the space of skewsymmetric local k- differential opera- 

tors of rank i, which associates to the element X G W^^^ the local 
k- differential operator X : (V®^)'^ — s- V/dV, given by 

(9.26) XiF\...,F')= Y IXd^,...M^n,---,u^,)Fl...Ft^. 

h,...,ikel 
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Proof. Recalling the definition of O'^(V) in Section 8.2, an element P G 
f]'^(V) is an array of polynomials (-Pii,...,^^ (Ai, . . . , Afc))^^ -^^j, with finitely 
many non-zero entries -Pii,...,ij.(Ai, . . . , Afc) € F_[Ai, . . . , Afc]€5)F[0] V, skewsym- 
metric with respect to simultaneous permutations of the variables Aq, • • • , A^ 
and the indexes io, ■ ■ ■ ,ik- Using Lemma 9.4 this corresponds, bijectively, 
to the local fc-differential operator of rank i (9.25). The skewsymmetry con- 
dition on P G fl^{V) translates to the skewsymmetry of the corresponding 
local ^-differential operator, and the finiteness condition on P translates into 
saying that the corresponding local ^-differential operator is of finite type. 
This proves part (a). The proof of part (b) follows by arguments similar to 
those in Section 9.3. □ 

Remark 9.6. The following identity is immediate from (9.26) and the master 
equation (9.5): 

/Xo,...,o(/o,...,/.)=^(^,...,^). 

We can write down the expression of the differential <5 : n''{V) n''+\V) 
in terms of local polydifferential operators of rank i. Recalling (8.12), we 
have, for a local finite type {k + l)-differential operator S, 

k 

(J5)(po, . . . , P'^) = 5](-i)'=+HXp,5)(po, . : ., P')) , 

i=0 

where Xp denotes the evolutionary vector field of characteristic P € V^, 
defined in (8.8), and, if S is the local A;-differential operator (9.23), XpS 
denotes the local fc-differential operator obtained from S by replacing the 
coefficients i^-^'^ by Xp(/^-;-^^) [DSK2]. 

Next, in view of Proposition 9.5(b), we can write the Lie super algebra 
structure of VF™''(nV) in terms of local polydifferential operators. Given 
X G W^^' and Y G W;^^\, we have [X,Y] = XaV - {-l)hik-h)Y\JX and, 
recalling (4.5), the local /c-differential operator corresponding to XDY G 
VF'™'' is given by: 

{XDY){F^,...,F'') 

= ^ ±x(^-^y(p'^(°), . . . ,P'^(*^"'')),F'^(^"''+^), . . . ,p'^(*^)^ , 

io<---<ik-h 

ik-h + l<---<ik 

where ± is the sign of the permutation (zq, . . . , ifc) of the set {0, . . . , /c}. 

Let K G Wi^^ be such that \K, K\ = 0, and consider the corresponding 
Poisson vertex algebra structure on V, or, equivalently, the corresponding 
Hamiltonian map K{d) defined by (9.10). We can write the formula of the 
differential adi^T for the Poisson cohomology complex VF™'', identified with 
the space of local polydifferential operators. Given X G M^™^, the local 
^-differential operator corresponding to (adK)(X) G W™ is given by the 
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following formula, equivalent to (9.17): 

{{adK)X){F^,...,F'') = ^{-if+'fF' ■K{d)-^X{F°,.:.,F' 

i=0 

+ E {-^)''^'^'x(^^f{r ■K{d)F^),F'>,. F' 

0<i<j<k 

Here • denotes the usual pairing 

Remark 9.7. We can translate the homomorphism defined in Remark 
9.3 into the language of local polydifferential operators. Given a finite type 
local {k + l)-differential operator S, $^(5") is the following local (A; + 1)- 
differential operator: 

(9.27) ($^5)(f0,...,F'=) = {-l)''+^S{K{d)F°,...,K{d)F''). 

Theorem 8.2, Remark 9.3 and Proposition 9.5 imply that, if V is a normal 
algebra of differential functions, K G W^^^^ is such that [K, K] = 0, and the 
map K{X + d) : V[A]®^ ^ V[XY is injective, then, ?^^(V) = for A; > 
provided that the following condition holds: 

(9.28) Ker (adK : W^""' W^^\) C ^%{n''+\V)) . 

Indeed, let X G ?^^^(V), and let X G Ker(adi^ : W^"' W^'^\) be a 
representative of it. By assumption (9.28), there exists P G Q^~^^{V) such 
that X = $^(P), and, by Remark 9.3, we have that $^+^((5P) = [K, X] = 0. 
Since is injective, we have that 6P = 0, hence, by Theorem 8.2, P = 5Q 
for some Q G n^{V). In conclusion, X = $^((5Q) = (ad i^) ($^-^(Q)) , 
completing the proof. 

Remark 9.8. It is useful to see what the analogue of the homomorphism 
is in the finite dimensional setup. Let A = ¥[ui\i G /]. Recall from 
Section 3.1 that IV^iUA) = 0^_i (HA), where W^{UA) consists of 

linear maps X : /\''~^^ A ^ A satisfying the Leibniz rule in all arguments, 
or, equivalently, the following analogue of the master equation (9.3): 

io,...,jfcG/ " " 

To the map X we associate the map X : /\^~^^{A®^) — >■ A, given by 



X(F0,...,F^)= X{u,„...,uOF^^...Fl^ 



io,...,ik&I 



and we have the following analogue of the identity in Remark 9.6: 

Xifo, . . . , fk) = XiVufoi ■ ■ ■ ■, '^ufk) , 

where V„/ denotes the vector of partial derivatives of /. Next, let Q'{A) be 
the algebra of differential forms over A, and let d be the de Rham differential 
on Q'{A). We can associate to a; = /io,...,ifc'^^^jo ^ ^'^ik ^ ^^~^^{A) a map 
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^ , ^ A, given by u{P\ . . . , P'^) = ^ ku...,i,Pl ■■■Pi,- Then, 

for K G ^^^(n^), such that [i^, i^] = 0, we have a homomorphism of 
complexes ■ {^'{A),d) {W^(nA),ad K), given by (cf. (9.27)): 

(^'^a;)(F°,...,F^-) = ±uj{KF^ , . . . , KF^) , 

where K is the i x i skewsymmetric matrix Kij = K{ui,Uj). It follows, in 
particular, that if K is surjective, then the Poisson cohomology is trivial. 

9.5. Generalized variational complexes. Let i be finite, and let K{d) = 
(^Kij[d)^._^^j be an ^ X ^ matrix differential operator with quasiconstant co- 
efficients. Then, we define 6k '■ ^^{V) — ?> Q,^^^[V) by the following formula: 

i6KP)io,...,iki^O, ■ ■ ■ Ak) 

a 

(9 29) ^ ^P ■? . (Ao,---,Afc) 

Note that, when K = 1 this coincides with the differential 5 of the variational 
complex defined in equation (8.12), and when K{d) is a skewadjoint operator 
it coincides with {—l)''~^^dK, where is given by equation (9.22). 

Proposition 9.9. If K{d) is an £ x I matrix differential operator with qua- 
siconstant coefficients, then 5k in (9.29) is a well-defined map Vl^iy) — )> 
Q'^+^(V), and it makes {Vl*{y),5K) o, cohomology complex. 

Proof. It follows from Proposition 10.8 in Section 10.5. □ 

Remark 9.10. One can show that given by formula (9.22) is well defined 
only if K{d) is a sum of a skewadjoint operator and a quasiconstant operator. 

10. The universal odd PVA W^^'^iliV) for an algebra of 

DIFFERENTIAL FUNCTIONS, AND BASIC PVA COHOMOLOGY 

10.1. The Lie conformal algebra CVect(V) of conformal vector fields. 

As in the previous section, let V be an algebra of differential functions, 
extension of the algebra of differential polynomials Ri = | z € /, n € 

We assume moreover, in this section, that i is finite. 
For i I, introduce the linear map E\ : V — )• F[A] ® V, given by 

(10-1) ^A= EM-^rA)- 

Note that E\ = X]nez+ ^^^P^ln) ' ^^e generating series of the higher Euler 
operators (see [012]), 

o 



^(n) = E(r(-^r^" 



m—n ^ ' 



In particular, Eq = is the variational derivative (8.5). 
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Lemma 10.1. E\ is a right conformal derivation ofV (see Section 7.1). 

Proof. We need to check that, for f,g(^V, we have E\[df) = —\E\{f) and 
E\{fg) = {E\j^Qf)^g + {E\^Qg)^f. The first identity follows immediately 
from (8.2), and the second one is straightforward. □ 

Given an £-tuple of polynomials P = {Pi{\))i^i G (F[A] (8) V)^, we define 
the conformal vector field of characteristic P as the map : V — t- F[A](8)V, 
given by 

(10.2) X^{f) = ^P,i\ + d)E{{f) 

We denote by CVect(V) the space of all conformal vector fields. It follows 
immediately from Lemma 10.1 that CVect(V) is a subspace of the space 
RCder(V) of right conformal derivations of V. 

Proposition 10.2. (a) The ¥[d]-module structure o/RCder(V) restricts to 
the following ¥[d]-module structure on CVect(V).' for P € (F[A] VY, 
dX^ is the conformal vector field with characteristics 

[{d + X)P,{\)),^,. 

(h) the formal power series valued X-bracket on RCend(V) (cf. Section 
6.3) restricts to the following polynomial valued X-bracket on CVect(V).' 
[X^xX'^] = ^[-^^^1 for P,Qe (F[A] ® VY, where 

[PxQW) = E {{x + drp;{x))^^ 

(10.3) ^■"^'""^+ .p., . 

- E QM + ^^ + ^){-X-^^-^r^^. 

jei,nez+ 

Here, for Pi{X) = ^ A"i^", we denote P*{X) = E ("^ " dTP^- 
(c) CVect(V) is a Lie conformal algebra RCder(V). 

Proof. Part (a) follows from the definition (6.2) of the F[c?]-module struc- 
ture of the space RCend(V) = V^q (IIV) of right conformal endomorphisms 
of V. Part (b) is obtained, by a straightforward computation, using the 
definition (6.12) of the A-bracket in RCend(V) and identity (8.2). Finally, 
the A-bracket (10.3) is clearly polynomial valued, and it satisfies all the Lie 
conformal algebra axioms by Lemma 6.8. □ 

Remark 10.3. The image of CVect(V) via the isomorphism (6.13) is a subal- 
gebra of Cder(V), the space of (left) conformal derivations of V. Its elements, 
which is natural to call left conformal vector fields, are of the form 

^^A= E i(9+xrp.ix))-^. 
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Equivalently, letting 'Ex = Enez+ ^"^J^' ^^'^^ 

In fact, we have [X^)* — ^* X, where P* is defined in Proposition 10.2(b). 
The induced Lie conformal algebra structure on the space of left confor- 
mal vector fields is as follows: d{^X) is the left conformal vector field of 
characteristics ( - XPi{X)).^j, and [^Xx^X] = where 

[PxQ]iif^) = ''Xx{Q^{^x - A)) - «X^_a(/^,(A)) . 

In fact, formula (10.3) for the A-bracket in CVect(V) can be written, using 
this notation, in a similar form: 

[PxQW) = ""XxiQii^i)) - x2^^{n{^i)) ■ 

10.2. The universal odd PVAj^^™''(nV). Recall the definition of the 
F[a]-module VF^(nV) = 0^_iW^f(nV), with parity denoted by p (see 
Section 6.1), together with its formal power series values A-bracket, defined 
in Section 6.3. Consider the full prolongation (cf. Definition 6.11) of the 
Lie conformal superalgebra CVect(V) C RCend(V) = Wq(J1V), which we 
denote 

oo 

w?™'-(nv) = wr c w^{iiv) . 

k=-l 

Its elements are called conformal polyvector fields. We will show that the 
restriction of the A-bracket on niy^'^''(nV) is polynomial valued, and this 
makes nVF™'^(nV) an odd PVA. 

Proposition 10.4. For k > —1, the superspace W™' is the subspace of 
VF^(nV), consisting of linear maps 

X : v®(fe+i) ^ ^Xo, . . . , Afe] (g) V satis- 
fying the sesquilinearity and skew symmetry conditions (9.1) and (9.2), and 
the master equation (9.3), where both sides are interpreted as elements of 
F[Ao, • • • , Afc] ® V (not, as in Section 9.1, o/F[Ao, . . . , A^] ®f[9] 

Proof. First, we observe that the master equation (9.3) implies the sesquilin- 
earity condition (9.1). Recall also that the master equation (9.3) is equiva- 
lent to the equations (9.5), and if, moreover, X satisfies the skewsymmetry 
condition (9.1), it is enough to have equation (9.5) for s = k. Hence, an 
element X G W^iUV) satisfies all conditions (9.1), (9.2) and (9.3) if and 
only if it satisfies condition (9.2) and the equation 

-'^Ao,...,Afe(/o, ■■■ ,fk) 
(10.4) = ^ ^Ao,...,A,_„A,+5(/o, . . . , fk-l,U^UEl^ [fk) • 

iei 

Clearly, for A; = the maps X : V — > F[A] (g) V satisfying (10.4) are exactly 
the conformal vector fields of V, the characteristics being i^Xx{ui)) .^j. Let 
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X G W'^^'^ and let us prove by induction on k that it satisfies equation (10.4). 
By (6.10) we have 



Remark 10.5. For V = Ri>, we have W™''(nV) = T^^'^''(nV), but for arbi- 
trary V this is not always the case (see Remark 9.2). 

Note that the master equation implies that X satisfies the Leibniz rule 
(5.3). Consequently, Wl""' is a subspace of W^'^'^IiV). 

Proposition 10.6. (a) For X,Y e W^^^(nV), [^a^] is a polynomial in 
A with coefficients in VF™''(nV). Moreover, the subspace l^™''(nV) C 
W^'^{HV) is closed under the concatenation product (7.2). 

(b) HW^^^ (IIV) , together with the X-bracket and the concatenation product, 
is a Z^- graded odd PVA. 

(c) The representation of the Lie superalgebra W^(nV) on W'^(IIV) re- 
stricts to a representation of its subalgebra W™{IiV) on the odd PVA 
VF™'^(nV) C M^'^(nV), commuting with d and acting by derivations of 
both the concatenation product and the X-bracket. 

(d) The canonical map f : W'^iUV) W'^{UV), defined in Proposition 
6.5(a), restricts to a map J : W^^^(IIV) — t- VF™'^(nV), which is a homo- 
morphism of representations of the Lie superalgebra W^^^{IIV). More- 
over, this map induces a Lie algebra isomorphism 



Proof. First note that, by Proposition 10.4 and formula (9.3), an element 
X € W^^'^ is determined by its values on the generators ui, . . . ,Ui. Since, 
by assumption, i is finite, it follows that [^a^] is a polynomial in A. Let 
X £ W^^^ and Y G VF™\„i, with k > h > 0. For part (a) it remains to 

prove that X AY, defined by (7.2), lies in W^'^^, namely, it satisfies the 
master equation (9.3): 



-'^Ao,...,Afe(/o, ■■■,fk)- (-l)^'^^'[/oAo-'^]Ai,...,Afc(/l, • • • , /fc) 

= X^(-l)^^''[/oAo-'^]Ai,...,Afc_i,Afe+a(/l, • • • , fk-l,Ui)^E\^{fk) 




proving (10.4). 



□ 



/ : vr^^'^(nv)/9VF^^''(nv) 




THE VARIATIONAL POISSON COHOMOLOGY 



69 



This is easily checked by a straightforward computation. Part (b) can be 
proved in the same way as Proposition 7.3(a). Recall from Proposition 
7.3(b) that we have a representation of the Lie superalgebra W^'''^^{HV) 
on Vl^^'^''(nV) commuting with d, and acting by derivations of both the 
concatenation product and the A-bracket. Recall also, from Proposition 9.1, 
that W'^'inV) C W'^'^'^UV) is a Lie subalgebra, and, from part (b), that 
VF™(nV) C VF^'^(nV) is an odd Poisson vertex algebra. Hence, in order 
to prove part (c), we only need to check that, if X G W™'' and Y € W^-h^ 
then [X, y], defined by (6.15), lies in W^^^ . By the observations in the 
proof of Proposition 10.4, it is therefore enough to prove that [X, Y] satisfies 
condition (10.4): 



[X, Y]Xo,..^Xk{fo^ ■■■ ,fk) 

(10.5) _ J2[X, F]Ao,...,A,_„A,+a(/o, . . . , fk-i,u^UEl^ {h) = . 



We consider separately the left and right box products X^^Y and Y^^X, 
defined by (6.16). We get, after a long but straightforward computation. 



(xn^y)Ao,...,A,(/o,...,A) = sign(a) 

ao<-<oik-h=k i€l 
^ Ofc-h+i<--<afc 

(10.6) ^-'*aO'---'-^Qfe-h-l'-'*fc+-^"fc-h + l"' \-Xa^+d{fao, • • • 5 /ofe_h-l' ^«)->- 

^--^afc„,j + l -^Qfe-9>-'*aj._^^_l,.-->^Qfe (-^Afe(/fc)' /ofc-h + l' • • • ' /ofe) 

+ X^(^n'^'5^)Ao,...,Afe_i,Afc+e(/o, • • • , /fc-1, Ui)^E\^ (/fc) , 



where the first sum in the RHS runs over all permutations a of {0, . . . ,k} 
satisfying the specified inequalities. Similarly, we have 



(yn«x)Ao,...,A,(/o,...,/fc) = E sign(«)E 

«o<-<afi=fc iG/ 
_ Oh+l<---<Ofc 

7) ^AqqH |-Aa^_-^+AQj.+9Aa^_j_j^,...,AQj. (^Afc (/fc)' foLh+i i ■ ■ ■ i fau)- 

^AcQ ,...,Aa^_j^ ,-Aq,j Aq,^_j — 9 ^/ao ) • • • 1 foih-i ' 

+ ^(yn«x)Ao,...,A,_„A,+s(/o, . . . , u^UEi^ih) . 

iG/ 
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Combining (10.6) and (10.7), we get that the LHS of (10.5) is 
Yl sign(a)^yA„^,... 

oo<---<«fc-h=fc *G-f 
ak-h+i<---<ak 

-^-^"k-h+i W~9'W-h+i^-'W (-^Afc(/fe)) /afc_h+i, ■ ■ ■ ) /afc) 

sign(a)^y;,^^+...+;,^^+a,;,^^^^^,...,,„Ji?lJA),/,,^^^,.. 



ah+l<---<Ofe 



• • • ) /afe)->^AaQ,.--,AQ^_j \aj^_^-d (^/ao' • • • ' /"h-i ' ' 

We can then use conditions (9.2) and (9.3) on X and Y to rewrite the above 
expression as follows 



_^ ^ ^ -^ai._^H \-\ai.+d{faoi---jfak-h-ii'^j)- 

ao< — <ak-h 
afc-h+i<---<afc 

C^^-fc-,.+i+ -+^-fe+9(^i(/fe))-> - ^L^_^+...+A„^+9(^A,(/fc))- 
^-Ac«fe„;,+i A„j^-a,Acj^_^_l_i,...,A„^, (^j) /ofc-h+i) • • • ) /ofc)^ ) 

where ^Ex was introduced in Remark 10.3. To conclude, we observe that 
the above expression is zero, thanks to the following identity, 

which can be easily checked: both sides above are equal to 

y i^i-x-ii-dT 

m,neZ+ "^^i 

The first statement in part (d) is obvious from Proposition 6.5. We thus 
only need to prove that the map J" : VF™(nV) — t- VF™'^(nV) is surjective, so 
that the induced map / : W^™"" (HV) (HV) ^ W^™'"(nV) is bijective. 
Let X S We can construct a representative X G as follows. 

Recall that we can identify F_[Ao, . . . , A^] (^^[8] V — ^^'['^O) • • • i ^k-i] <^ V, 
by letting = — Aq — • • • — Xk-i — d. For iq, . . . € /, we then have 
^Ao,...,Afc_i(iijo! ---^UiJ £ F[Ao, . . . , Afe_i] (g) V. We let 

I 

Xxo,...,Xk (^io > • • • > J = -jT^ ^)''~°^Ao,.-.,Afc ' • • •' ^ifc ' ) ' 

and we extend it to a map 

X : v®(*^+i) ^ F[Ao, . . . , Afc] V by the master 
formula (9.3). By construction X lies in Wj^^^, and we clearly have JX = X, 
since they agree on generators. □ 
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Recall that Wl^{ = V/dV, Wq™' = Vect^(V) and W{''' coincides with the 
space of skewcommutative A-brackets on V satisfying the master equation 
(9.6). We can then compute explicitly, using (6.15), the action of X e 
W^^^ on W™i^, for h = —1,0,1. The formulas for these actions coincide, 
respectively, with formulas (9.7), (9.12) and (9.17), where all the terms are 
considered as elements of F[Ai, . . . , Afc] ® V (not of F[Ai, . . . , A^] ^FfS] V). 

10.3. PVA structures on an algebra of diflferential functions and 
basic cohomology complexes. Let K G WJ^^ be such that [K, K] = 
0, and denote by {-a'Ia' tbe corresponding Poisson A-bracket on V, and 
by K{d) the corresponding Hamiltonian operator given by (9.10). Then 
(adi^)^ = 0, hence the action of K on VF™''(nV), given by Proposition 
10.6(b), provides a differential on l^™''(nV), which we denote by dx- We call 
(VF"^'^''(nV), dx) the basic Poisson cohomology complex of the PVA V with 
the A-bracket {• a ■}k- Note that, by Proposition 10.6(b), the differential dx 
is an odd derivation of both the concatenation product and the A-bracket of 
Vl^™''(nV). Moreover, by Proposition 10.6(c), the linear map / is a homo- 
morphism of cohomology complexes (T4^™''(nV), dx) — > (VF™'^(nV), ad -fC). 

Recalling (9.17) we get, by the observations at the end of Section 10.2, 
the following explicit formula for the differential dx associated to G Wi^^ , 
acting on y G W™^: 
(10.8) 



K 



(dxnAo,...,A,(/o,...,A) = (-i)'+M E(-i)H/*A,^, . (/o,.:.,/fc)} 

0<i<j<k A,+Aj,Ao, ,Afe / 

Remark 10.7. The identity map on V = Jl'^(V) = WZi^ extends to a ho- 

momorphism of cohomology complexes '■ (^*(V),5) — > {W^^'^(n.V),dK) 
given by formula (9.19), where both sides are interpreted as elements in 
F[Ao, . . . , Afe] (8) V, not in F[Ao, . . . , Xk] '^¥[8] ^ as for from Remark 9.3. 
We thus have the following commutative diagram of homomorphisms of co- 
homology complexes: 

{h'(y),d) (w™(nv),dx) 



(O* (V) /dQ' (V) , <5) {W"' (nv) /dW^' (nv) , dir ) 
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10.4. Identification of Ty™''(nV) with 0'(V). In this section wewill con- 
struct a (non covariant) exphcit identification of the superspaces W™ and 
17'^+i(V) for finite £, along the lines of the discussion in Section 9.3. 

An element X € W^'^^ is completely determined, via the master equation 
(9.3), by the collection of polynomials Xxg^,,,^\^{uig, . . . ,Ui^) G F[Ao, . . . , Afc](8) 
V, with ii, . . . , ifc € /. Hence, we construct a linear map 

sending P € n''+^{V) to G W^""', such that 

(10.9) ($'P)Ao,...,A, (^.0 ,■■■,^^,)= P^o,...,^, {Xo, ■ ■ ■ Ak) , 

and it is extended to a map 

^kp . ^ jp'j^^^ . . . , Afc] V by the 

master equation (9.3). Clearly, ^> is surjective for finite i, and it is injective 
in general. 

Let i be finite. Let K G W™ be such that [K,K] = 0, and consider 
the Poisson cohomology complex (VF™'^(nV), d^-)- Using the bijection $ : 
n'{V) VF™''(nV), we jet a differential dx : ^''(V) n'^+^V) induced 
by the action of (Ik on P^™''(nV). Recalling equation (10.8), we get that 
the explicit formula for the differential dx on r2'^'(V) is given by (9.22), 
where both sides are considered as elements of F[Ai, . . . , A^] (8) V (not of 
F[Ai,...,Afe] ®F[a] V): 
(10.10) 

(dx-P)io,...,ifc(Ao, • • • , Afc) 

/ 9P e . (Ao,.".,Afc) 

= ^ ^"""l (n) (A« + a)"J^,,.(A,) 

+ Yl (-1)°+^^.. (Aa + A^ + a, Ao,. Afc)^ 

(_A„-A^-a)"-^^^^''"^^^ 



10.5. Generalized de Rham complexes. Let £ be finite, and let K{d) = 
[Kij{d)^ . he an i X i matrix differential operator with quasiconstant 

coefficients. We define the map 6k '■ ^^{V) Q^~^^{V) by the same for- 
mula (9.29), interpreting both sides as elements of F[Ai, . . . , A^] iS) V (not of 
F[Ai,...,Afc] ®F[9] V): 

(<^A'^')io,...,ifc(Ao,---,Afc) 

a 

(10.11) ^ ^P a . (Ao,.:.,Afc) 

= E(-ir E in) (A.+5)"i^,..(A«). 
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Note that, when K = 1 this coincides with the differential 5 of the de 
Rham complex defined in equation (8.12), and when K(d) is a skewadjoint 
operator it coincides with {—l)^^^dK, where dx is given by equation (10.10). 

Proposition 10.8. (a) If K[d) is an ix I matrix differential operator with 
quasiconstant coefficients, then {Q*{V),5k) is a cohomology complex, 
i.e. 5| = 0. 

(h) The differential 6k in (10.11) commutes with the action of d on Q'{V) 
given by (8.13). Moreover, the canonical quotient map il*(V) — > ^l'{V) 
gives a homomorphism of complexes (il*(V),5_ft:) — )■ (il*(V), 5_ft:). 

Proof Let P € n''{V) and let a G Sk+i = Perm{0, ...,k). We have 

k 

('5if-P)v(0),...,V(fe)(A^(0), . . . , Xa{k)) 

a 

9P. 9. (Acr(0))---)Ao-(fc)) 
= Yl (n) (A<x{a) +5)"i^j,i^(„)(A<,(„)). 

Note that the permutation {a{0), .~ .,a{k)) of the set {0, .~..,k} has sign 
sign(o")( — l)"''"'^''"^ Hence, by the skewsymmetry condition on P, we can 
write the RHS above as 

o-(a) 

k dP ^(a) (Ao, • • • , Afc) 
Y^i-ir E sign(a)(-l)"+-(") 

x(A<^(„) +9)"Kj-i^(^,(A^(„)) = sign(cj)(5x^')io,...,ifc(Ao,...,Afc). 

This shows that (5i^P is a skewsymmetric array, i.e. 5^^- is a well defined map 
from fi'=(V) to h^+^{V). 

Since, by assumption, K has quasiconstant coefficients, we have 

= E(-1)'' E -A^^i^^P) ^ iXo,.-.,Xk){Xp + drKj,^{Xp) 

x((A„ + drKi,i^{X^)) {{Xp + dTKj,i^{Xp)) 

X ((A„ + 9)'"iri,i„ (A,)) {{Xp + OrKj^i^ (A^)) = , 
which completes the proof of (a). 



74 ALBERTO DE SOLEi AND VICTOR G. KAC^ 

Next, we prove part (b). We have, by the definition (8.13) of the ¥[d]- 
module structure on O'^(V), 

k 

(5x5Pk,...,,(Ao,...,Afc) = ^(-ir 

a=0 

E ^((Ao+.':.+Afc + a)p . . (Ao,.':.,Afe))(A„ + 5rii:,,ijA„) 

k 

= (Ao + --- + A, + 9)^(-ir 

a=0 jeI,n£Z+ 



— ^(P. , . {Xo,.':.Ak)){Xa + ^rKJ,i^{Xa) = {^6KP)io,...,^,{Xo,...,Xk). 

In the second equaUty we used (8.2). The last assertion in (b) is obvious. □ 

11. Computation of the variational Poisson cohomology 

Throughout this section we assume that V is a normal algebra of differ- 
ential functions in finitely many differential variables Ui, i G / = {1, . . . , £}, 
i-e- TTT^Vm.i = Vm.i for every i G / and m G Z+, where Vm,i is given by 

(8.15). We also assume that the space of quasiconstants .P C V is a field 
(hence, the subalgebra of constants C C P is a subfield). 

We shall compute the cohomology of the complexes {VL'{y),5K) and 
(Q'(V), 5_ft:), for any £ x £ matrix differential operator K{d) = [Kij{d))^^^j 
of order with quasiconstant coefficients and invertible leading coefficient. 
We use here the same approach as in [BDSK], where the case K = 1 was 
considered. 

11.1. Formality of the generalized de Rham complex. Fix a non- 
negative integer A^. We extend the filtration (8.15) of the algebra of differ- 
ential functions V = ^^'^(V), to a filtration, depending on N, of S7*(V). For 
m G Z+ and i£ I,we let il^^i(V) = where ^^^^^(V) consists 

of arrays P = {Pi^,...,i^{Xi, . . • , Afe)).^ .^^^ G ^^''(V) such that 

X;jjPn,...,ifc(Ai,...,Afc) =0, if (?i,j) > {m,i) , 

i 



(11.1) 



5^+'^P*„...,i,(Ai,...,Afc) = 0, if (n,i„) > (m,i), 

for all G /, where the inequalities are understood in the lexi- 

cographic order. In other words, the coefficients of all the polynomials 
-Pn,...,ife(Ai,...,Afc) lie in Vm,i, and, moreover, Pj^,...,ij^ (Ai, . . . , Afc) has de- 
gree at most m + N (resp. m — 1 + N) in each variable Aq with ia <i (resp. 
ia>i)- We also let f^^,o(V) = f^n_i/C^) n > 1. 

Finally, we let f^Q Q = 0/;g2^ ^o,0' where q is a subspace of OJ^iy) 
consisting of arrays P = (Pii,...,jj,(Ai, . . . , Aa,-))^^ .^^^ (skewsymmetric with 
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respect to simultaneous permutations of indexes and variables), whose en- 
tries (Ai, . . . , Afc) are polynomials of degree at most — 1 in each 
variable Ai, . . . , Afc, with quasiconstant coefficients. In particular, Qqq = J^. 
By the skewsymmetry condition, 

(11.2) ^0,0 = if k> N£. 

Note that, if K{d) is an ^ x £ matrix differential operator with quasi- 
constant coefficients, then the differential 6k defined in (10.11) is zero on 
il* Q, so that (^2* Q, 0) is a subcomplex of the generalized de Rham complex 
{il.*{V),5K) Note also that Q*{V) is naturally a vector space over J-", and 
the differential 6k is J'-linear. Also, all the 17^^ (V) are J'-linear subspaces. 

Remark 11.1. Due to formula (9.3) (cf. Proposition 10.4) the restriction of 
the A-bracket from VK™''(nV) = ^l'{V) to the subspace 17* q is zero. Hence, 
il* Q is a subalgebra of the Lie conformal superalgebra Q'{V). 

In this section we prove the following generalization of Theorem 8.2(a): 

Theorem 11.2. Let V be a normal algebra of differential functions and as- 
sume that the subalgebra of quasiconstants J- C V is a field. Let K{d) = 
(^Kij{d)^. .^j be an £ X £ matrix differential operator of order N with qua- 
siconstant coefficients, and invertible leading coefficient Km € Mat£x£(-^)- 
Then: 

(a) The inclusion (Oqq,0) C (il*(V), (5i^), is a quasiisomorphism of com- 
plexes, i.e. it induces a canonical Lie conformal superalgebra isomor- 
phism of cohomology: 

H''{h'{v),6K)^n'^,o- 

(b) For k > 0, H^(Q'(V),6k) is a vector space over T of dimension (^^). 

The proof of Theorem 11.2 consists of several steps. First, we prove three 
lemmas which will be used in its proof. 

In analogy with (9.19), for S = [Sij)._^^j € Mat£xe{J^), we define the 

map $5 : Q,'{V) J7'(V), P f-^ <I>5(P), given by the following equation 
(11.3) 

(^s-P)ii,...,ifc(Ai, . . . , Afc) = Ph,...,jki^i + 5i, . . . , Afc + dk)Sj,i, . . . Sj^i^ , 
where, as usual, da denotes d acting on Sj^i^ . 

Lemma 11.3. (a) For every S G Mate^eiT), we have ^>5(J1^(V)) C n''{V) 

and ^5(^^0,0) C 5^0,0- 
(b) If K{d) is an i X i matrix differential operator with quasiconstant coef- 
ficients, then 

^si^KP) = 6KoS'^siP) , 
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where {K o S){d) = {J2rei ^iri^) ""^nOije/' other words, $5 is a 
homomorphism of complexes: {^1'{V),5k) {^'C^),^Kos)- 

(c) For S,T £ MatixiiJ^) , have 

(d) If S (z Matixii^) invertible matrix, then 

$5: {h'iv),5K)^{n'{v),6Kos), 

is an isomorphism of complexes, which restricts to an automorphism of 
the suhcomplex (^2*0,0). 

Proof. Part (a) is clear. Part (b) is proved by a straightforward computation 
using the definitions (10.11) and (11.3) of the differential 5k and the map 
$5. Part (c) is again straightforward, using the definition (11.3) of ^s- 
Finally, part (d) immediately follows from (a), (b) and (c). □ 

Lemma 11.4. Let K{d) = (^Kij{d)^ . be an i x £ matrix differential 
operator of order N with quasiconstant coefficients, and assume that its 
leading coefficient K]\j G Mat£x£(-^) is diagonal. Then, 

for every k € m € i £ I. 

Proof Let P = (Pi,„„,i,(Ai,...,Afc)).^_ ^^^^^ G ^L,i{V). By the definition 
(10.11) of 5k, we have, using the assumption that K{d) has quasiconstant 
coefficients, 
d 

— 7^{5KP)io,...,iki^o^ • • • , Afc) 

k d^p , (Ao,.-.,Afc) 

which is zero if (n, j) > (m, i) by the assumption on P. Next, we have 
(11.4) 

^^^+''i5KP)^o,...,^,{Xo,...,Xk) 

a 

rn dP, <. , (Ao, Afc) 

+ (-!)" E E (rt ^A:''(^" + 9rKr,^ (Aa) . 

rg/ p=0 

The first sum in the RHS of (11.4) is zero for {n,j) > (m, i) by the assump- 
tion on P. Moreover, the second sum in the RHS of (11-4) is zero for n > m 
since, by assumption, K(X) has degree A^. Let then n = m in this sum. We 
have 



d^+^iXa + ^rKr,^^iXa) = (m + N)l5p,rn{K 



N rAc 
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Since, by assumption, if at is a diagonal matrix, and since 

du). ' 

is zero for r > i, we conclude that the second sum in the RHS of (11-4) is 
zero for > i, as required. □ 

Now we are going to use the assumption that that V is normal and J- C 
V is a field. Given i ^ I,m G Z4., choose an /"-subspace Um,i C V, 



m,i 



complementary to the kernel of the map — ^^jy : Vm i Vmi- By normality 
of — ^ restricts to an /"-linear isomorphism — ^ : Um.i — > Vmi, and 

we denote by jduf^^- : Vm,i — > i^m,i C Vm,i the inverse /"-linear map, 
so that — f du[^^ / = / for every / G Vm i ■ Clearly, if we change the 

choice of the complementary subspace Um,i, the integral / dui^^ f G Vm,i of 
/ £ Vm,i changes by adding an element of Vm,i-i- 

We extend the antiderivative / duf^'^ ■ to the space of polynomials in 
Ai,...,Afc with coefficients in Vm,i by applying it to coefficients. Clearly, 

the operators dx^ and J duf^^ ■, acting on F[Ai, . . . , A^] (8) Vm,i, commute. 

We define the local homotopy operators hm,i ■ S^^/(V) — > $7^ ^(V), A; > 0, 
by the following formula 
(11.5) 

fim+N 

{m+Ny: 

Lemma 11.5. Lei P = (Aq, . . . , Afc))^^^,,,^,^^, G ^m,h^)- Then: 

(a) hrn.Pehl^.iy). ^ 

(h) IfPe C n^^JiV)), then hm,P = 0. 

(c) If K{d) is an i X i matrix differential operator of order N with quasi- 
constant coefficients and leading coefficient I, the operator hm,i satisfies 
the following homotopy condition: 

(11.6) hmA^KP) + 6K{hm,iP) -P e f^J;,,_i(V) . 

Proof. Clearly, (/im,j-P)ji,...,jfe(Ai, . . . , A^) is skewsymmetric with respect to 
simultaneous permutations of the variables Ai,...,Afc and of the indexes 
ii, . . . ,ik- Moreover, by assumption on P and by the definition of / du["^^-, 
the coefficients of all the polynomials (/im.,i-P)ii,...,ifc(Ai, . . . , Afc) lie in Vm,i- 
Furthermore, if (n, ia) > {m, i) with a G {1, . . . , k}, we have, 

gn+N 

(n+Ny. (^m,i-P)ji,...,jfe(Al, . . . , Afc) 
Qm+N Qii+N 

^ ' {m+N)\{n + N)\ i' ' 

by the assumption on P. Hence, hm.^iP G i' proving (a). Part (b) is 
clear since, by definition, P G ^7^/_i are such that Pi^i^^...^ij.(//, Ai, . . . , A^) 



(/im,i^)n,...,ife(^l' • • • , Afc) = Jdv![^^ Tz!n^\T'iM,-,ik (Z^, Ai, . . . , Afc) . 
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is a polynomial of degree at most m + N — 1 in the variable fi. We are left 
to prove part (c). By (10.11) and (11.5), we have, for P G ^'^jiV), 

^ d 

{6Khm,iP)io,...,ik {^0, ■ ■ ■ Ak) = ^ 



^ Qm+N 



tO,...,t,...,tk 

(here we used the fact that f duf^'' is J^-linear and Kij{X) has coefficients in 
T), and 

k 



{hm,i5KP)io,...,ik{^o,---,Xk) = -Yl Yl fd'"^^ 

l3=ojei,nez+ 

Qm+N 

^^^■^^ ii>^^ + 9rKn,{X,))j-^P , {Xo,...,Xk) 

dul 

By Lemma 11.4 and parts (a) and (b), we know that SK{hm,iP), hm,i{SKP) 
and P all lie in ^^l- Hence, in order to prove equation (11.6) we only need 
to prove the following two identities: 

7^ ( ihm,iSKP)io,...,ik i^O, ■■■ ,Xk) + iSKhm,iP)io,...,ik (Ao, • • • , Afc) 

du) ' ^ ' 

d 

^ ^ (m)-^*o,...,*fe(^o, • • • , Afe) ; 

(^rn+Ny. y-^^''^^^^^'^o,---,ik ('^0; ■ ■ ■ , Afe) + {6Khm,iP)io,...,ik (Ao, • • • , A^) j 

Qm+N 

= ^^^jyy Pio,-,iki^O,---,Xk) , ifia = i- 

The first identity of (11.9) follows immediately from equations (11.7) and 
(11.8), using that — ^ o f duf^^ f = f for every / € Vmi- The second iden- 

du- I •> ■ ' 

tity in (11.9) follows by a straightforward computation using the following 
two facts. Since, by assumption, the leading coefficient of K{d) is I, we 
have, for (n,j) < {m,i), 

Qm+N 

-^f—{{X^ + drK.iiXo,)) = 5n,mS,,^ • 

(m + A/j! J , J 

Moreover, by the skewsymmetry condition on P, we have, \iia = = i for 
/3 7^ a. 



□ 
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Proof of Theorem 11.2. By Lemma 11.3(d), we have isomorphism of com- 
plexes ^x-^ '■ {^'i^k) — ^ (^*) '^R'oR'-Oi which induces an automorphism of 
the subcomplex (Oqq,0). Hence, replacing K{d) by {K oK^^){d), it suffices 
to prove (a) for K{d) with leading coefficient I. 

Let P € O'^(V) be such that 6kP = 0. For some i ^ I,m ^ Z_|_ we have 
P € j(V) and, by Lemma 11.5(c), we have P = 6K{hm,iP) + Pi, for some 
Pi € j_^(V) such that SkPi = 0. Repeating the same argument finitely 

many times, we get that P = 6kQ + R, for some Q £ f^Jn~/(V) and i? € q. 
Hence, 

Ker {6k : n\V) ^ n^+HV)) = 6k{n^-HV)) + 17^,0 • 
To prove part (a) it remains to show that 

Let P = 5kQ S ^0 0' some Q € By Lemma 11.5(c), we have Q = 

5K{hm,iQ) + hm,i{5KQ) + Qi, for some Qi G and, by Lemma 11.5(b), 

we have hm,i{5KQ) = hm,iP = 0. Hence, P = 5kQi G ^K^rn,i-iO^)- 
peating the same argument finitely many times, we then get P € 5k^q~o^ = 
0. 

Next, we prove part (b). An element P £ Qqq'is uniquely determined by 
the collection of polynomials 

^1, .. , I,.. J, .. , £(-^1' • • • ' -^fc) e • • • , Afc] ® ^, 



where ni, . . . , > are such that ni + ■ ■ ■ + ni = k, which have degree at 
most — 1 in each variable Aq,, a = 1, . . . ,k, and, for every i = 1, . . . ,i, are 

skewsymmetric in the variables i-^^.i+i, • • • , A„^_| ^-n^. Hence, q is 

a vector space over T of dimension , given by 

e 

(11.10) Rk= Yi n^(^'"^)' 



ni ,...,n^SZ_|_ 2=1 
"iH \-n£=k 



where C{N,n) is the dimension of the space of skewsymmetric polynomials 
in n variables of degree at most — 1 in each variable, i.e. C{N,n) = (^). 
Taking the generating series of both sides of equation (11.10), we then get 



E--'-(E (:)=■•; 

fc=0 n=0 ^ ^ 

which implies Rk = (^^) , as required. □ 
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11.2. Cohomology of the generalized variational complex. Recall 
from Proposition 10.8(b) that we have a short exact sequence of complexes 

where a is the inclusion map, and f3 is the canonical quotient map il.'{V) — )> 
Q'{V)/dQ'{V) = fl'(V). It induces a long exact sequence in cohomology: 
(11.11) 



7fe-i 



Recall that, by Theorem 11.2, for every k G Z+, we have a canonical identi- 
fication H''{n*{V),6K) = ^ofi- Next, we want to describe H''{dh'(y),6K) 

and the map at : H^{dQ.*{V),5K) ^ H^{^'{V),5k)- This is given by the 
following 

Lemma 11.6. (a) The inclusion ((917*0,0) C (9r2*(V), 5x); is a quasiiso- 
morphism of complexes, i. e. it induces canonical isomorphisms: 



TjC fork = 
'o,o 



fork>l 



(h) Under the identifications (Q.' iV) , 5 k) = T in Theorem 11.2 and 
H^{dQ'{V),6K) = J^/C in part (a), the map oq induces the map : 
T jC — > T given by a + C i-^ da. 

(c) For k > I, identifying H^{9.' {V),5k) = i^o,o = {dO.' {V) , 5 k) as in 
Theorem 11.2 and in part (a), the map Uk induces the endomorphism 
ttk € End (J^o o) defined as follows. For P € Oqc there exist Q € ^^(V) 
and (a unique) R ^ Qqq such that dP = 5kQ + R- Then, 

(11.12) ak{P) = R. 

(d) Assuming that the leading coefficient of K(d) is I, we can write 
explicitly using the local homotopy operators (11.5).' 

(11.13) afc(P) = {1-6ko /io,i)(l - 5k o /io,2) . . . (1 - <5i^ o ho,i)dP . 

Proof. The map d : i7^(V) r2^(V) is injective for k > 1, while, for k = 0, 
we have Q^{V) = V and Ker(5|v) = C, the algebra of constants. Since d and 
6k commute, it follows that K.eTc (^6K\QQk(yy) — '^^^^ {^K\Qk(y^ 

for all A; > 0, and 6K{dn''^^{V)) = 5<5j^ (l^'=-i(V)) C i1''(V) for A; > 1. 
Hence, we get 

H^{dn'{V),6K) = Ker (<5i^ |g^o(v)) = ^Ker (%|^0(v)) = dJ" ^ J'/C . 
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In the second last equality we used the fact that Ker {SK\QO(yy) = by 
the definition (10.11) of 6k and that, by assumption, K has invertible lead- 
ing coefficient. Moreover, the last isomorphism above is induced by the 
surjective map d : J- ^ dJ-. Similarly, for A; > 1, we have 

H\d^'{V),5K) = Ker {5k\q^,^^^ / 5K{d^''~\V)) 
= dKeT{5K\^,^^)/d5K{^^~\V)) 

^Ker {5K\^,^y^) /5k{^^~\V)) = H\^-{V),8k) ^^io- 

In the third identity we used the injectiveness of d. This proves part (a). 

The map : H^{dh{V),5K) ^^H^{fl{V),5K) is^nduced by the in- 
clusion map dVL^{V) = dV dV = ^^(V). Since H^{Vl{V),5k) = T and 
ii^(dQ.iy),bK) = dF, the map ao coincides with the inclusion map dF C F. 
Part (b) follows from the identification F /C ~ dF via the map a + C ^ da. 

For part (c) we use a similar argument. The isomorphism H^{Q.(y),6K) — 
Ogo given by Theorem 11.2(a) maps P + 5k{^^~^{V)) G H^{n{V),5K) to 
the unique element G Oqq such that P — R ^ 6k{Q^~^{V)), and the 
inverse map sends P G O^'q to P + 6k{^''~HV)) € H''{h{V),6K). Sim- 
ilarly, we have the canonical isomorphism, H^{dQ{V),6K) — ^oo' which 
maps dP + 6K{dn^-\V)) G H''{dn{V),SK) to the unique element R G Og.o 
such that P — R e 6k{^''~^{V)), and the inverse map sends P G Oqq 
to dP + 6K{dh''-\V)) G H''{dniy),6K). Equation (11.12) follows from 
the fact that the map : H^{dVL{V),5K) H^{Vl{V),5k) is induced by 
the indusion map dn^{V) C 0'=(V), i.e. it^sends dP + 5K{dn^'^{V)) G 

H^{dVLiy),5K) to dP + 5k{^^-\V)) e H^{^{V),5k)- 

We are left to prove part (d). Given P = (-Pji,...,i(. (Ai, . . . , A^))^^ .^^^ G 

Oqq, the entries of the array dP G O'^(V) are the polynomials (5 + Ai + 
■ ■ ■ + Afc)-Pii,...,ij. (Ai, . . . , Afc), which have quasiconstant coefficients and have 
degree at most in each Aj. Hence, dP G VIqi^{F) C VlQg^{V). It follows by 
Lemma 11.5(c) that {1 — 6k ° /io,i)(I — 6k ° ^0,2) • • • (I — o hQi)dP lies 
in J^oo- Since, obviously, this element differs from dP by an exact element, 
we conclude, by part (c), that it coincides with ak{P). □ 

Using Theorem 11.2 and Lemma 11.6, the long exact sequence (11.11) 
becomes 
(11.14) 

O^T/C^F^ H^{i}'{V),6K) 4 ^ ^^0,0 ^ • • • 

. . . ^ ^ H^n-iV), 6k) ^ ^If l^o' 0' • • • 
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Next, we study the maps /3k, k & Z+. First, it is clear that /3o : ilg q = 
T H°{n'{V),6K) C V/dV, is given by / ^ //. In particular, /5o = if 
and only if dJ- = T . 

For G Z+, let us consider the map /5fc+i : H''+^{n'{V), 5k)- Let 

..jfcS/ ^ skewsymmetric array 
with respect to simultaneous permutations of the indices i^, . . . ,ik and the 
variables Aq, • • • , Afc and, for each /c-tuple {zq, . . . , ik), Pio,...,i^{^o, ■ ■ ■ , Afc) G 
F[Ao, . . . , Afc] ® J-" is a polynomial of degree at most — 1 in each variable 
Xi. Then, by definition, (3k+i{P) G {9.* {V) , 5 k) is 

(11.15) Pk+i{P) = (P.o,...,..(Ao, . . . , Afc)),„,...,,^g, + 5k{^HV)) , 

where -Pio,...,ifc(Ao, • • • , A^) should now be viewed as an element of the space 
F_[Ao, . . . , Afc] (g)F[9] -F. 

Note that the space of exact elements (5/^(0'^ (V)) contains all arrays 
(11.16) 




where Ql_^ (Ai, . . . , A^) G F[Ai, . . . , are polynomials with quasicon- 

stant coefficients, and they are skewsymmetric with respect to simultaneous 
permutations of and Ai,...,Aa;. Indeed, recalling the definition 

(9.29) of 6k, we have that 5k applied to the array 

(11.17) . ef)'^(V), 

gives (11.16). 

For example, for fc = 0, given P = {Pi{X))-^j G ^q^, we have Pi{P) = 
{Pi)i(.i + Sk{^°{V)), where pi = P*{0) G T. On the other hand, for Qi = 
fj G T, the array (11.16) becomes {^j(zj K*j{d)fj).^j. Hence, /3i = 
provided that the map K*{d) : ^ is surjective. 

In general, for A; > 0, let P = (Pio,...,^ JAq, . . . , A/,)) .^^ .^^^ G ^7oj5^ i.e. 
P is a skewsymmetric array with respect to simultaneous permutations of 
the indices iq, . . . ,ik and the variables Aq, . . . ,Xk and such that, for each k- 
tuple {io, . . .,ik), Pio,...,jfe(Ao, . . . , A^) G F[Ao, . . . , A^] (g) 7" is a polynomial of 
degree at most — 1 in each variable Aj. By equation (11.15) and formulas 
(11.16) and (11.17), we have that /3fc+i(P) = provided that there exists a 
collection of i skewsymmetric arrays in k variables 

fe,.....(Ai,...,A,)). 

V ' ' ^ ll,...,tk&I 
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indexed by j = !,...,£, where Ql_^ ^^(Ai, . . . , A^) are polynomials with 

quasiconstant coefficients, such that 

(11.18) 

k 

V(-l)°Vi^*^,^.(Ao+.". +Afc + a)Q^' „ (Ao,.".,A,) 
a=o jei ^"'•••'^^ 
--Pio,ii,...,jfc(Ao,Ai,...,Afe) G (AoH hAfc + 9)F[Ao,...,Afc] ^T. 

Recall Definition A. 3.1 from Appendix A. 3 of a linearly closed differential 
field. 

Theorem 11.7. LetV be a normal algebra of differential functions, and as- 
sume that the algebra of quasiconstants J- CV is a linearly closed differential 
field. Let K[d) be an £ 'x i matrix differential operator with quasiconstant 
coefficients and invertible leading coefficient. Then (3k = for every k > 
and every i > 1. 

Proof. The facts that (3q = and /3i = were pointed out above. Using 
notation (A. 5. 7) and (A. 5. 8) in Appendix A. 5, we have that the array (11.16) 
is equal to {K* oQ)~. Hence, condition (11.18), after replacing Aq by — Ai — 
■ ■ ■ — ^k — d, becomes P = {K*oQ)~. Hence, the assertion that /3fc_|_i(i-*) = 
follows from Theorem A. 5. 11 in the Appendix. □ 

Example 11.8. In the case k = 1 and 1=1, the problem of solving equation 
(11.18) becomes: for P(A) € skewadjoint, i.e. P*(A) := P(-A - d) = 
-P(A), we want to find Q(A) € /"[A], such that P(A) = Q*{X + d)K{X) - 
K*{X + d)Q{X). Solutions for certain choices of K{X) are the following: 

(1) K{X) = 1: take Q(A) = ^P(A), 

(2) K{X) = A: take Q(A) such that dQ{X) = P(A), 

(3) K{X) = X^: take Q(A) = Q*(A) such that {d + 2X)dQ{X) = P{X), 

(4) K{X) = A^: take Q(A) = (A - d)a + R{X), with R{X) = R*{X), such 
that {d + 2X){ - d^a + 2{X^ + Xd + d^)R{X)) = P(A). 

By the exact sequence (11.14), /3fc = implies that 7^ : H^{Q,*{V),Sk) — > 
^Q~Q^ is an embedding, and its image coincides with the kernel of the en- 
domorphism a^+i of the C-vector space ^q~q^- Hence, in order to compute 
the variational Poisson cohomology, we need to study the maps a^+i and 
7fc. In particular, we will use the results of Appendix A. 5 to compute the 
dimension over C of Ker(afc+i), which by the above observations coincides 
with the dimension of ff^(il*(V), 6k), and, for each element C G Ker(afc+i), 
we win find a representative of 7"^(C) G H''{Q'{V), 5k) in ^^{V). To start 
with, we need the following: 

Lemma 11.9. Suppose that the algebra of differential functions V is an ex- 
tension of the algebra of differential polynomials J^[u-"^ | i G /, n G , for 
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a differential field J- . Then, there exists a direct sum (over decomposition 

(11.19) V = J-©( J-nS"^)©^/, 

where U CV is an J^-linear subspace of V such that 

(11.20) ^ ( -^^1"^ ® ^ ' f'^^ '^^^ j G /, m G Z+ . 



Proof. Consider the map: given by evaluating 

(n) 

at u- = 0, Vi G /, n G and extend it to a linear over J-" map e : V — » J-". 
Let then 

U:={gev\ e{g) = 0, e(^) = Vi G /, n G Z+} . 



Clearly, for every / G V we have 



9u 



so that V = J" + ( 0igj •T^^^S"'' ) + ^- Moreover, if 



/ = «+ ^ A,nnS"^+5 = 0: 

ie/,nGZ+ 



with a, /3i „ G and g then a = e(/) = 0, and j3in = e( — ^) = 0, so 

that V admits the direct sum decomposition (11.19). 

Let then / G V and consider its decomposition given by (11.19): / = 

« + I]ig/,nez+ Pi,nuf^ +g, where a, /3i,n G J" and g We have e(/) = a, 
proving that 



(11.21) Ker(e) = ( -^4"^) ®U cV. 



in) 

J Li 

To conclude, we note that, by the definition ofU, if 5 G W then ~pTj G Ker(e) 
for every i I,n Z+, which, together with (11.21), gives (11.20). □ 

Recall from Appendix A. 5.1 that a /c-differential operator on is an 
array P = (Pio,ii,...,ij^(Ai, . . . , A^)) .^^ .^g^, whose entries are polynomials 
in Ai, . . . , Afc with coefficients in J^, and it is said to be skewsymmetric if the 
entries -Pio,ii,...,ij.(Ai, . . . , A^) are skewsymmetric with respect to simultane- 
ous permutations of the indices ii, . . . ,ik and the variables Ai, . . . , A^. Given 
an £x i matrix differential operator K{d), we denote by Sfc(ir) the space of 
skewsymmetric /c-differential operators on J-"^ whose entries are polynomials 
of degree at most A^— 1 in each variable Ai, . . . , A^, solving equation (A. 5. 52). 
For example T,q{K) consists of elements P ^ J-^ solving K{d)P = 0. By 
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Theorem A. 5. 12, if J-" is a linearly closed differential field, then Sfc(A') is a 
vector space over C of dimension {^-j} ■ 

Theorem 11.10. Let k G Let V be a normal algebra of differential 

functions, and assume that the algebra of quasiconstants F <ZV is a linearly 
closed differential field. Let K{d) be an I x £ matrix differential operator 
of order N with quasiconstant coefficients and invertible leading coefficient 
Kn G Mat^xf(^). 

(a) There is a canonical isomorphism of C -vector spaces (pk ■ ^^(X*) 
Ker(afc_|_i), defined as follows: given P £ T,k{K*), we let 4)k{P) = C £ 
Ker(afc_|_i), where 

k 

(11.22) ^-^ 3,1(3, --^ik 
0=0 jel 

= (Ao + Ai + • • • + Afc + (?)Cio,j^,...,ij.(Ao, Ai, . . . , Afc) , 

for all indices io, . . . ,ik £ L ( equality in F[Ao, . . . , A/t] (g) T). 

(b) There is a canonical isomorphism Xk '■ "^kiK*) ~ if^'(rJ*(V), 6k) defined 
as follows: given P G ^k{K*), we let Xk{P) € {9.* {V) , 5 k) be the 
cohomology class with representative 

(11.23) (^P,,„.,.,,(Ai,...,Afc)uA . en\V). 

In particular, 

(11.24) dimc(i/*^(0'(V),5x)) = (^^^^ 

(c) The maps jk '■ H''{Q*{V),6k) — ^ Ker(afc+i) in the exact sequence 
(11.14) and (f)k ■ '^kiK*) — > Ker(afc+i) are compatible in the sense that 

(11-25) (pk = 7k°Xk- 

ForC G Ker(afc+i), let (t>-\C) = (^'*,„ii,...,*fe(Ai, • • • , A^))^^ .^^ ^^^^^ G 

T,k{K*). Then, the array (11.23) in Q,^{V) is a representative of the 
cohomology class 7^ ^C) G H''{W{V),6k)- 

Proof. First, we prove that the map (pk given by (11.22) is well defined. 
Let P G T.k{K*), so that {K* o P)- = 0. By equation (A.5.10) from the 
Appendix, we can rewrite this condition by saying that 

k 

(11.26) V(-1)"Vp.. , . (Ao,.':.,Afc)K,-,JA„) 
«=o je/ 

becomes zero if we replace Aq by — Ai — • • • — A^ — 9, with d acting from the 
left. In other words, (11.26), as an element of F[Ao, Ai, . . . , Afc] ® T , is equal 
to 

(11.27) (Ao + Ai + • • • + Afc + 9)Ci,,i,,...,i,(Ao, Ai, . . . , A^) , 
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where C = (Cio,ii,„,,ij^(Ao, Ai, . . . , A^)) .^^ .^^^ is a skewsymmetric array 
whose entries are polynomials with quasiconstant coefficients of degree less 
than or equal to iV — 1, i.e. C € ^oo^- Furthermore, we claim that C 
lies in Ker(Qfc+i). Indeed, taking Q € r2'^(V) be the array (11.23), we 
have, by (10.11), that ((5xQ)io,...,jfe('^Oj • • • ; -^fc) is equal to (11.26). Hence, 
the equality of (11.26) and (11.27) implies that 6kQ = dC. Therefore, 
by Lemma 11.6(c), we conclude that ak+i{C) = 0, proving that (pk is well 
defined. 

We next prove that the map (pi^ : T,i^{K*) — >■ Ker(afc+i) is injective. Since, 
by assumption, Pif^^,,,^if, (Ai, . . . , A^) has degree less than or equal to — 1 in 
each variable, the coefficient of Aq^ in (11.26) is 

(11.28) 5^P,,,,,...,,,(Ai,...,Afc)(Jf^),,,3. 

To say that (pkiP) = is equivalent to say that (11.26), viewed as an element 
of F[Ao, . . . , Afc] (8i J', is identically zero for all indices io, . . . ,ik G I- In 
particular (11.28) is zero. Since, by assumption, Ki^f is an invertible matrix, 
it follows that -Pio,ji,...,ji.(Ai, . . . , A^) = 0, for all indices io, • • • , ik- Hence, (pk 
is injective. 

To complete the proof of part (a) we are left with showing that the map 
(pk is surjective. Let C = (Cjo^...^jj. (Aq, . . . , Afc))^^ .^^j be an element of 

Ker(afc_|_i). By Lemma 11.6(c), there exists an element Q € Q^{V) such 
that 

(11.29) dC = 6KQ. 

By Lemma 11.9, we can assume that the coefficients of Q are linear in the 
variables i-e. 

M 

(11.30) ■■■,^k) = Y.12 • • • ' 

with M G Z+ and -P," JAi, . . . , Afc) € F[Ai, . . . , Afc] (g) J". Indeed, the 
quasiconstant part of Q is killed by the differential 5k, while 6k applied to 
the ZY-part of Q has zero quasiconstant part. Note that, if Q is as in (11.30), 
then equation (11.29) becomes 

k M 

m E(-i)"EE^''. ^ • (Ao,.-.,Afc)(A, + a)"K,,JAJ 

= (Ao + • • • + Afc + 5)Qo,...,i,(Ao, . . . , Afc) € F[Ao, . . . , Afc] ® J- , 

for all choices of indices zq, . . . , ifc € /. 

In order to prove surjectivity of (pk, we will show that we can choose Q 
as in (11.30) with M = and i^°ii,...,i^(Ai, . . . , Afc) of degree at most - 1 
in each variable Ai, . . . , Afc, such that equation (11.31) holds with the given 
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C € Ker(afc-|_i). In this case, by the definition (11.22) of the map (pk, 

P = (^o,jl,...,ife('^l' • • • , 

is an element of such that (j)k{P) = C. 

We win achieve the desired form of Q in three steps: first we reduce to 
the case when all polynomials P'^^_^ iS^^i • • • ' have degree less than or 
equal to M + A^ in each variable Aq,; then we reduce to the case when M = 0; 
finally we reduce to the case when the polynomials Pj'j^ (Ai, . . . , A^) have 
degree at most iV — 1 in each variable. Note that in the case A: = we only 
need to do the second step. 

Let k > 1 and let d be the maximal degree in one of the variables 
Ai, . . . , A/fc of all the polynomials -PJ^ij^...^jj,(Ai, . . . , \k) for n = 0, . . . , M and 
J, zi, . . . , ifc G /, and assume that d > M + N . By taking separately all terms 
in which some of the variables A^ are raised to the power d, we can write 
(11.32) 

■■■ Ak) = ■ ■ ■ -^i,ii,...,ifc(^/3)-^l • • • -^fc 

l</3<fc 

+ ^j,iii7.,ife(-^/3'-^7)'^i '^fc ^ ^i,n,..,ife(-^i> ■ ■ ■ j'^fc) 

q=0 l</3i< - </3q<fc 

where R^f^'"'l^'' {Xj^-^^, . . . are polynomials with quasiconstant coeffi- 

cients of degree strictly less than d in each variable. Then equation (11.31) 
becomes 

k M k ^ pt Pt 

0=0 ie/ n=0 9=0 0<^i<---</35<fc 

= (Ao H h Afc + 5)Cio,...,i^(Ao, . . . , Afc) . 

We can rewrite the above equation in the following equivalent form 

k q B B 

E E E(-i)*EE^^---^---^^ 

fll 33) '?=oo</3o< -</3,<fc''=o je/n=0 

= (Ao H + Afc + i9)Cio,...,jj.(Ao, . . . , Afc) . 

Note that the RHS above has degree at most in each variable Ai, . . . , A^. 
Hence, by looking at the coefficient of Af . . . A^ in both sides of equation 
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(11.33), we get 

M 

EE^"n,...,^.(^o + 5)"if,.o(Ao) = 0. 

Since, by assumption, the leading coefficient /Cat of the differential operator 
K{d) is an invertible matrix, one easily gets that Rji-^ it ~ ^ ~ 
0, . . . , M and j,ii, . . . ,ik G /. Hence, in the LHS of (11.33) the term with 
q = vanishes. Next, for < /3o < /3i < fc, by looking at the coefficient of 

, /3o,/3i 

Aq Afc ™ both sides of equation (11.33), we get 

AI 

T/3oa(A/3o,A;5J := (-l)*EE^'''%o (A/3j(A/3o +5)'^i^,,,JA^J 

j(zi n=0 j,io,-'-,ik 

M 

je/ n=o i-^o.-^-.jfc 

On the other hand, the term with g = 1 in the LHS of (11.33) is exactly 

/ , ^/3o,/3i(A/3o'A/3i)Ao Afc , 

0</9o<;Si<fc 

hence, it vanishes, and the sum over q in the LHS of (11.33) starts with 
q = 2. Repeating the same argument several times, we conclude that all 
the terms with g < A; — 1 in the LHS of (11.33) vanish, hence the equation 
becomes 

k M 

ni 34^ 5](-i)"j; J] (Ao,.-.,A,)(A, + 9)"i^,,jA«) 

= (Ao H h Afe + 3)Ci(,,,,,,j^(Ao, . . . , Afc) . 

Comparing equations (11.31) and (11.34), we can replace the polynomials 

^i!n,-,ifc('^i'---''^'=) by the polynomials i^J^^^y"' -^(Ai, . . . , A^), which have 
degree strictly less than d. Hence, repeating this argument several times, we 
may assume that the degree of all polynomials ifc(Ai, • • • , Afc) is less 

than or equal to M + iV, concluding the first step. 

In the second step we want to reduce to the case when M = 0. For this, 
assuming M > 1, we will reduce to the case when M is replaced by M — 1. 
We find an expansion of P similar to the one discussed in equation (11.32). 
Using the fact that K{d) has order and its leading coefficient is an 
invertible matrix, we can write 
(11.35) 

k 

i,...,ifc(Ai, . . . , Afc) = ^ '5"ji',';;;;/(A/3i, . . . , a^j 

9=0ii,...JfcG/l</3i<-</3,<fc 

X'^j,,,^,, ■ ■ ■ ((Ai + 9)^^K,„,,(Ai)) ((A, + df'^K,^,i,{\k)) , 
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where Q^'j^'"'j^'' {X/s-i^, . . . , Xj^J are polynomials with quasiconstant coeffi- 
cients of degree strictly less than M + A^ in each variable X^-^^, . . . , A/j^. Then, 
equation (11.31) becomes 

k M k 

a=0 jel n=0 q=0. ? . rO</3i<---</3«<fc JJOv-Jfe 

X SJ,^,^,,■■■S,,,,^,M^O + ^rKJ,,,,{Xo)) {{Xk + drK,^,,{Xk)) 

X ((A„ + JA«)) = (Ao + • • • + Afc + d)Cio,...A, (Aq, . . . , A^) , 

or, rearranging terms appropriately, we can rewrite it in the following equiv- 
alent form 
(11.36) 

M k q 

EEE E (-i)'^E Q"'n:-''^-^^'''^^"-''nA,.„.:.,A,j 

n,=Og=0 r=0 0</3o<---</39<fc jo,---,jk&I ^PrM,-,jk 

r lio---Pq 

■■■^i,,^i,Ai>^o + dY'K,,,,[X,)) ....... ((Afc + 5)^%,,,(Afc)) 

x((A/3. +5)"i^j^^,i^^(A^J) = (Ao + --- + Afe + 5)Qo,...,i,(Ao,...,Afc). 



Note that the RHS has degree at most N in each variable Ai, . . . , A^. 

.M+N \A' " 



By looking at the coefficient of A^"*"^ . . . A?^"*"^ in both sides of equation 



(11.36), we get, since M > 1 

k 



a=0 jo,---dk&I 



Since Kj\f is invertible, we deduce that 

. . . . 



a=0 

On the other hand, the term with q = and n = M in the LHS of (11.36) 
is equal to 

E ^^0,...,.. ((Ao + 9)^i^,o.o(Ao)) . . . ((Afc + d)^Kj^,,{Xk)) , 
hence it vanishes. 

71 ,f 1^ AT" ^ 

Next, for A;>lfixaG{l,...,A:} and consider the coefficient of Aq . T . 
Afc^"*"^ in both sides of equation (11.36). In the RHS we get since M > 1, 
while in the LHS there are only two contributions, one coming from q = 



90 



ALBERTO DE SOLEi AND VICTOR G. KAC^ 



and n < M — 1, and the other coming from ^ = 1 and n = M. We thus get 

M-l 



n=0 JOvJfcS/ 



k 

{/?<") 

+ E(-1)'' E (A„)<5,-,,,jK^Uio-'-(^7vk,.,=0. 

{/3>q) 

Again, since ^Ctv is invertible, we deduce that 

^o,.....(^")^= E (A„) + E (-1) (^") 

{I3<a) {I3>a) 

+ EE(-i)"^" " ((A„+arK,,,(A„)) = o. 

On the other hand, the sum of the term with (7=1 and n = M together 
with the terms with g = and n < M — 1 in the LHS of (11.36) is equal to 



k 

E E^J^.-..,ifc('^")'^i-'*o 

x((Ao + a)^%„,i„(Ao)) ((Afc + a)^%,,,(Afc)), 

hence it vanishes. Repeating the same argument several times, at each step 
we prove that the sum of the term with q = q^ + l and n = M together with 
the terms with q = qo and n < M — 1 vanishes. As a result, in the LHS 
of equation (11.36) only the terms with q = k and n < M survive. Hence, 
equation (11.36) becomes 

M-l k 

E E(-l)"E^3"''"^'' (Ao,.'.,Afc)(A„ + 5)"i^,-,,(A„) 

= (Ao H + Afc + 9)CiQ,...,i^(Ao, . . . , Afc) . 

This is the same as (11.31) with the polynomials P^j^ j^(Ai, . . . , Afc) re- 
placed by for n = M, and by the polynomials Q"'/^' ' t^. (Ai , . . . , Afc) for 
n < M. This completes the second step. 

So far, we showed that we can choose Q in (11.30) of the form 

(11.37) Qji,...,ifc(Ai, . . . , Afc) = E-^i.«i. (Ai> ■■■ 1 Xk)uj , 

i6/ 
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where -Pj,ji,...,ij.(Ai, . . . , Afc) are polynomials with quasiconstant coefficients 
of degree at most N in each variable. In this case equation (11.31) reads 

(11.38) E(-irE^,„-(^o,.-.,A.)i^,jA.) 

Q=o jei 

= (Ao + • • • + Afc + 5)Qo,...,i,(Ao, . . . , Afc) € F[Ao, . . . , Afc] ® ^ . 

To complete the proof of part (a), we are left with showing that we can 
choose the polynomials -Pj,ii,...,jj.(Ai, . . . , A^) to be of degree at most — 1 
in each variable Aq, such that equation (11.38) still holds. As before, we 
expand the polynomials -Pj,ii,...,ij. (Ai, . . . , A^) as in (11.35) 
(11.39) 

k 

-Pi,ji,...,jfe(Ai, . . . , Afc) = ^ ^ ^ ^i,ji!.'fjfc(A/3i, ■ ■ ■ , A/3J 

g=0ji,...,jkeii<[Si<-<l3g<k 

where the polynomials Qj)'^ "'^j^.i'^i3iJ ■ ■ ■ 1 A/j^) have degree strictly less than 

A''. Then, equation (11.38) reads 

(11.40) 

E E E E (-i)'^q''^^'t^'^^'''^^^'-'''(A/..,...,a,j 

'?=Oio,-,ifc6/a=0 0</3i<-</3,<fc 3<^M,-,Jk 
{[Sh<a<l3h+i) 

^ '^i/3l.«/3l • • -^jfiq^ipq-^iOMi^O) -^jfe,«fc(Afc) 

= (Ao + • • • + Afc + 9)Cjo,...,i^ (Ao, . . . , Afc) . 

We then proceed as in step two. Note that, since by assumption the polyno- 
mials Cio^...^jj. (Ao, . . . , Afc) have degree at most — 1 in each variable, in the 
right hand side of (11.40) in each monomial at most one variable Aq, appears 
in degree A^. Therefore, for /c > 1, comparing the coefficient of A^ . . . A^ in 
both sides of (11.40), and using the fact that is invertible, we get 

k 

^ ' la,lO,...,lk 

for every choice of indices iq, . . . ,ik G /. But the term with g = in the 
LHS of (11.40) is 

E ^io,...,ifc-^io,*o(Ao) • • • -f^ife,ife(Afc) , 
jo,---,jk&l 

hence it vanishes. Similarly, for k > 2, given /? G {0, . . . ,k} and comparing 

/3 

the coefficient of Xq .". . in both sides of (11.40), we get, again using the 
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fact that K]^ is invertible, 

Q</3 a>/3 

for every choices of indices iq, . . . ,ik G /. and the term with g = 1 in the 
LHS of (11.40) is exactly 

E E ^io,...,jfc'^J/3:i,3^JO,io(^o) • • • i^ifc,ife(Afc) , 
/3=Ojo,.--,ife6/ 

hence it vanishes. Repeating the same argument several times, we prove 
that all the terms in the LHS of (11.40) with q < k — 1 vanish. Note 
that the same argument always works for q < k — 1 since the monomial 

Aq A[ contains at least two variables raised to the power N. In 

conclusion, equation (11.40) is equivalent to the same equation where in the 
LHS we only keep the term with q = k: 

k 



^5](-l)V'-'. (Ao,.:.,Afc)K,-,,(A,) 
= (Ao H + Afc + 9)Cjo,...,j^(Ao, . . . , Afc) . 



In other words, we can replace the polynomials Pj,ii....,if.{Xi, ■ ■ ■ , Xk) defined 
in (11.37) by the polynomials Q^'i^''^ j^,(Ai, . . . , A^), which have degree at 
most — 1 in each variable, without changing the RHS of equation (11.38). 
This completes the proof of part (a). 

The dimension formula (11.24) follows from the first assertion in part (b) 
and Theorem A. 5. 12. 

Note that, if P G Sfc(X*), then 6k applied to the array (11.23) is in the 
image of d, hence the array (11.23) defines a cohomology class in r2^(V). 
Therefore, Xk is a well-defined map: Y^k{K*) H''{i}*{V),6K)- 

In order to complete the proof of both parts (b) and (c), we only need 
to check that the map Xk : ^k{K*) H''{n'{V),6K) given by (11.23) 
satisfies equation (11.25). Indeed, the map 4>k '■ ^k{K*) Ker(afc_|_i) is an 
isomorphism by part (a), and the map 7^ : H''{^}*{V),6k) Ker(afc_|_i) 
is an isomorphism by Theorem 11.7 and the long exact sequence (11.14). 
Hence, equation (11.25) implies that the map Xk must be an isomorphism 
as well. Also, the last assertion in part (c) is clear since, by (11.25), we have 

TaT^ = XfcO'Afc^• 
Before proving equation (11.25), let us recall the usual homological alge- 
bra definition of the boundary map ■jk in the long exact sequence (11.11). 
For M G H''{n'{V),6K), we have 
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In other words, let [uj] G H''{^1*{V),6k) be the class of a closed element 
Since /3 : r2'^(V) O'^(V) is sm'jective, there exists rj G O'^(V) 
such that /3(?/) = uj. Since, by assumption, 5k^ = 0, we have that Sxiil) ^ 
Ker(/3) = Im(a). Hence, there exists C £ 917'^+^(V) such that 6k{v) = ck(C)- 
Since a is injective, (5i^ (C) = 0, and we let 7fc(M) = [C] € i/'=+i(ai^'(V), (5;^). 
Using the identification of the exact sequence (11.11) with (11.14), the con- 
struction of the map 7^ can be described as follows. Consider a skewsymmet- 
ric array P = {Pi^,...,i^.{\l, • • • , ^k))^^ j^gj £ ri'^(V) such that, when viewed 
as an element in ^''{V) (i.e. when we view its entries in F_[Ai, . . . , Afc] ^r[d] 
V), it is closed: Sj^P = in Q^~^^{V). By Theorem 11.2(a) there exists 
a unique skewsymmetric array C = (Cio,...,ifc (^0, • • • , A^)) .^^ .^^^ G ^o^^, 
where Cjo,...,ij. (Aq, . . . , A^) are polynomials with quasiconstant coefficients of 
degree at most — 1 in each variable Aj, such that 5k P = d{C + 6kQ) for 
some Q G n''{V). Then 7fc([P]) = C. 

Given P G T,k{K*), the array 4>k[P) = C G Ker(afc+i) is defined by 
equation (11.22). On the other hand, a representative of the cohomology 
class Xk{P) G H^{VI'{V),5k) is the array Q G Ol'iV) given by (11.23), 
and, by the above observations, the array ^k{Xk{P)) = Ci G Ker(afc-|_i) is 
defined by the equation 5kQ = dCi. Since this equation for Ci coincides 
with equation (11.22) for C, we conclude that Ci = C, proving formula 
(11.25). □ 

11.3. Explicit description of H^{9.'{V),5k) and H^{9.'{V),5k)- As- 
sume that V is a normal algebra of differential functions and J-" C V is 
a linearly closed differential field, so that Theorem 11.10 holds. It is easy to 
see from the definition (9.29) of the action of 5k on = V /dV that 

H\n-{V),5K) = {// G V/dV I K*{d)^J- = 0} . 

The space T,q{K*) described before Theorem 11.10 is 

So(K*) = |p G -F^ K*{d)P = 0} , 

and the isomorphism xo '■ "^oiK*) — >■ H^{^'{V),5k), defined in Theorem 
11.10(b), is given by 



It is immediate to check that the variational derivative of / Pj'^j is P, 
hence, if P lies in 5]o(A'*), then xg{P) lies in H^{Q.'{V),5k)- 

Recall from Section 8.2 that Q}{y) is naturally identified with V®^. Under 
this identification, the space of exact elements in Q}{y) is 

B\^'{V),5k) = {K*{d)j^ I // G V/dv) . 
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Moreover, it is not hard to check using the definition (9.29) of 5k, that the 
space of closed elements in r2^(V) is 

Z\n'{V),6K) = [FeV'\DF{d)oK{d) = K*{d)oD*p{d)Y 

where Dp{d) is the Frechet derivative (8.14) and D*p{d) its adjoint matrix 
differential operator. On the other hand, it is easy to see that the space 
Si(i^*) consists of matrix differential operators P = (^Pij{d)^ . with qua- 
siconstant coefficients and of order at most — 1, solving the equation 

(11.41) K*{d)oP{d) = P*{d)oK{d). 

The isomorphism xi : ^i{K*) — > H^{Q*{V),6k) defined in Theorem 11.10(b) 
is given by Xi(-P) = F + 5k {^^(V)), where 

(11-42) F={Y,P*^{d)uj)^^^eV'. 

It is not hard to check that, if F is as in (11.42), then its Frechet derivative 
is 

DFid) = P*id), 

hence, if P satisfies equation (11.41), then F lies in Z^{^}^[V),5k)- 

Remark 11.11. Recall that, if H and K are compatible Hamiltonian opera- 
tors, the Lenard scheme is the following recurrent relation: 

i7(9)^ = ir(9)%±i, 
ou 5u 

or, equivalently, 

in the Lie superalgebra l^™''(nV) — r2*(V). The Hamiltonian functions jh^ 
are constructed by induction on n G In fact, as explained in the intro- 
duction (see equation (1.14)), assuming that we have constructed //ij, j = 
0, . . . ,n — 1 satisfying the Lenard recurrence formula, then [H^ J/i„_i] is a 
closed element of (17^ (V), (5/^). Hence, by equation (11.42), there exist a 
Hamiltonian function jhn G V /dV and a unique P S Tii{K*)^ i.e. a matrix 
differential operator P = {Pij{d)) . of order at most — 1 with quasi- 
constant coefficients solving (11.41), such that the following equation holds 
in V^: 

(11.43) [HjK-i] = [Kjhn] + ( J^/^*(9)u,-),e/- 

In order to complete the n-th step of the Lenard scheme, we have to show 
that P = 0. For this, the following observations may be used. 

First note that, since [H,K] = 0, adH induces a well defined linear 
map H^{Q*{V),5k) H^~^^{i}*{V),5K), hence, thanks to the isomorphism 
Xk '■ Sfc(K*) — >• H^{Q'{V), 5k) defined in Theorem 11.10, we get an induced 
linear map : Sfc(Er*) — )• Efc_|_i(A'*). On the other hand, applying adH 
to both sides of equation (11.43), we get that {ad H)[J2j£i Pij{d)uj) .^j is 
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an exact element of {Q'^{V),dK), or, equivalently, (P) = 0. Thus, in 
order to apply the Lenard scheme at the n-th step, it suffices to show that 
Ker(af ) = 0. 

Recalling formula (9.15) for the action of adH on = Q^{V), it is 
not hard to show that the condition that is injective translates to the 
condition that, if 

Xp,(^g)^{H) - H{d)oP{d) - P* {d)oH{d) = -K{d)oD*p{d) - DF{d)oK{d) , 
for some P G Si (A'*) and F G V^ then P = 0. 

Appendix A. Systems of linear differential equations and 

(poly) DIFFERENTIAL OPERATORS 

In this Appendix we prove some facts about matrix differential and poly- 
differential operators needed in the computation of the variational Poisson 
cohomology (cf. Section 11.2). In order to establish these facts, we use the 
theory of systems of linear differential equations in several unknowns. This 
theory has been developed by a number of authors, see [Ler], [Vol], [Huf], 
[SK], [Miy]. Our exposition (which we developed before becoming aware of 
the above references) is given in the spirit of differential algebra, as the rest 
of the paper. 

A.l. Lemmas on differential operators. Let be a unital associative 
(not necessarily commutative) algebra, with a derivation d. Consider the 
algebra of differential operators Its elements are expressions of the 

form 

N 

(A.1.1) P(a) = J^a„a" , a„GM, 

n=0 

which are multiplied according to the rule d o a = ad + a' . IfoAr^O, then 
we say that P{d) has order ord(P) = and we call G ^A its leading 
coefficient. 

Lemma A.1.1. // the differential operator 

M N 

(A.1.2) ^""^^ ° + 9" o hnd"" G M[d] 

■m=0 n=0 

is zero, then all the elements Om and bn are zero. Hence, in a differential 
operator of the form (A.1.2), the elements Om and bn are uniquely deter- 
mined. 

Proof. In the contrary case, two things can happen: either qm 7^ and 
2M + 1 > 2N, or 67V / and 2N > 2M + 1. In the first case, the operator 
(A.1.2) has order 2M + 1, and the leading coefficient is qm, a contradiction. 
Similarly in the second case. □ 

Lemma A.1.2. Let p,q G and a G Ai. Then 
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(a)forp>qeZ+ 

[{p+q-l)/2] _ 

^-^ \ m — q j 

m=q ^ ^ 
[(p+q)/2] _ 

/p m i \ Q Jp+q-2m)Qra . 

^ \m-q-l) 



/or p < g G Z+ 

[(p+g-l)/2] 



[(p+g)/2] 



m=p 



where 'jm'^ and 5^ are integers. 

Proof, (a). By induction on p — g. For p — (7 = 1, the statement is immediate 
to check. For p — q = 2, we have: 5'^+^ o aS'^ = d'^^^ o a'S'^ + d'^'^^ o ad'^^^, 
which agrees with our claim. For p — q > 3, we have, by induction, 

dP o ad'3 = dP~^ o a'd" + d^^^ o 08'^+^ 

[(p+g-2)/2] _ 
= IP m '^\Qm+l^^(p+q~2m-l)Qm 

^—^ \ m — q ) 

m=q ^ ^ 
[{p+9-l)/2] 



^ \m — — 1/ 

m=q+l \ -1 / 

[(p+q-l)/2] _ 

+ /p m ^^(p+g_2m-i)^m 

, \m — q — 1 J 

m=q+l \ / 
l(p+q)/2] _ 

^£lo \m-q-2) 



m=q+2 
[(p+q-l)/2] 



V m — q I 

m=q ^ ' 
[(p+g-l)/2] _ 
_^ / p m i \ ^„ ^ ^(p+g_2.m)^m ^ 

Im — — 1/ 



m=q+l 

In the last identity we used the Tartaglia-Pascal triangle, 
(b). It follows from (a), since, by the binomial formula, 



h=0 ^ ^ 



□ 
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Corollary A. 1.3. Any differential operator P{d) G of order less than 

or equal to N can be written, in a unique way, in any of these three forms: 

N N 

n=0 n=0 
[(iV-l)/2] [N/2] 

= J2 ^""^^ ° + 9" o dnd"^ . 

m=0 n=0 

Proof. Existence is clear. Uniqueness of the first two forms is clear, and the 
third one is Lemma A. 1.1. □ 

Suppose next that M has an anti-involution a a*, commuting with d. 

Example A. 1.4. If = Adat£xeiJ~), where is a commutative differential 
algebra, we let a* = , the transpose matrix. 

We extend * to an anti-involution of A4[d] by letting 

N N 
n=0 n=0 

We say that P{d) is selfadjoint (respectively skewadjoint) if P*{d) = P{d) 
(resp. P*{d) = -P{d)). 

Lemma A. 1.5. (a) If S{d) is a skewadjoint operator of order less than or 
equal to N, then it can be written, in a unique way, in the form 

[iN-l)/2] lN/2] 

(A.1.3) S{d)= Yl d"'o(doam + amdy"'+Yd"'obmd"' 

m=0 m=0 
where am = O-m '^'^^ = ~^m- 

(b) If S{d) is a selfadjoint operator of order less than or equal to N, then it 
can be written, in a unique way, in the form 

[iN-l)/2] lN/2] 

S{d)= Yl d"'°{doam + amd)d"'+Y9"'°brnd"' 

m=0 m=0 

where am = — ajjj and bm = bm- 

Proof. Use the third form of Corollary A.1.3 and compute S — S* (resp. 
S + S*). □ 

A. 2. Linear algebra over a differential field. Let be a differential 
field, i.e. a field with a derivation d, and let C = {c € | Oc = 0} C J-" be 
the subfield of constants. 

Notation: a,b,c,-- - & J-, a,/3,7, ••• £ C, u,v,w variables, m,n,p,q £ 
Z+. 

A system of m linear differential equations in the variables Ui, i = 1, . . . ,i, 
has the form 

(A.2.1) M{d)u = b, 
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where 



u 





Lu{d) 
Lmi{d) 



M{d) 

\u, J 

with bi(^F and Lij{d) G F[d]. 

In order to study this system of linear differential equations we will use 
the following simple result: 

Lemma A. 2.1. Let (riij) be an m x i matrix with entries in Z, and let 
(A. 2. 2) Nj = maxjnjj} , hi = mm{Nj — Uij} . 

i 3 

Then 

(A. 2. 3) nij < Nj — hi , Vi = 1, . . . , m, j = 1, . . . , ^ . 

Any other choice Aj, h'- satisfying (A. 2. 3) is such that N'j > Nj for all j, 
and, if N'- = Nj for all j, then h'- < hi for all i. 

Proof. Clearly, (A. 2. 3) holds. Given j, there exists i such that Nj = Uij. 
But, by assumption, Uij < N'- — h'-. Hence Nj < N'-. Suppose now that 
Nj = N'j for all j. Given i there exists j such that hi = Nj — Uij = N'j — Uij. 
But Uij < N'j - h'i, hence hi > h'^. □ 

Definition A. 2. 2. The collection of integers {Nj, j = 1, . . . ,i; hi, i = 1, . . . 

. . . ,m} satisfying (A. 2. 3) is called a majorant of the matrix (uij). 

Consider the system of equations (A. 2.1). A majorant {Nj;hi} of the 
m X i matrix differential operator M{d) is defined as a majorant of its 
matrix of orders (njj). Given an arbitrary majorant {Nj;hi} of the matrix 
differential operator M{d), we can write the i,j entry of M{d) in the form 

Nj~hi 

n=0 

We define the corresponding leading matrix as the following m x i matrix 
whose entries are monomials in an indeterminant ^ with coefficients in J^: 

(A.2.4) M(e) = 

Clearly, if m = i, we have 

(A.2.5) det(M(0) = det(M(l)) ^'^ , 

where 

e 

(A.2.6) d = ^{Nj - hj) . 

i=i 

Note that this matrix depends on the choice of the majorant {Nj; hi}. 
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Permuting the equations in the system (A. 2.1) if necessary, we can (and 
will) assume that hi > ■ ■ ■ > h£. 

As in linear algebra, the set of solutions of the system (A. 2.1) does not 
change if we exchange two equations or if we add to the i-th equation the 
j-th equation, with j ^ i, to which we apply a differential operator P{d). 
Since we want to preserve the fact that ord(Ljj) < Nj — hi, we give the 
following: 

Definition A. 2. 3. An elementary row operation of the matrix differential 
operator M{d) is either a permutation of two rows of it, or the operation 
T{i,j;P), where 1 < i j < m and P{d) is a differential operator, which 
replaces the j-th row by itself minus i-th row multiplied on the left by P{d). 
Assuming that hi > ■ ■ ■ > hi, we say that the elementary row operation 
T{i,j;P) is majorant preserving if i < j and P{d) has order less than or 
equal to hi — hj . 

Remark A. 2. 4. After a majorant preserving row operation T{i,j;P), the 
leading matrix M(^) in (A. 2. 4) is unchanged unless P{d) has order equal 
to hi — hj, and in this case it changes by an elementary row operation over 
T, namely we add to the j'-th row of M(^) the i-th row multiplied by the 
leading coefficient of P{d). 

Using the usual Gauss elimination, we can get the (well known) analogues 
of standard linear algebra theorems for matrix differential operators. In 
particular, we have the following 

Lemma A. 2. 5. Any mx£ matrix differential operator Ad{d) can be brought 
by elementary row operations to a row echelon form. 

Proof. Let ji be the first non zero column of M{d). Among all matrices 
obtained from M{d) by elementary row operations, chose one for which 
the first entry of column ji, Lij^{d), is non zero of minimal possible order 
(minimal among the orders of the (1, ji) entry in all these matrices). Clearly, 
all the other entries in column ji must be divisible (on the left) by Lij^[d), 
and using elementary row operations we can make them zero. Then, we 
proceed by induction on the submatrix with first row deleted. □ 

We next discuss majorant preserving Gauss elimination for a matrix dif- 
ferential operator. 

Lemma A. 2. 6. Consider the m x £ matrix differential operator M[d) = 
iyLij{d)^ with m < I, and let {Ni, . . . , Ni; hi > ■ ■ ■ > /i^} be a majorant of 
M{d). Suppose, moreover, that oid{Ljj) = Nj — hj for 1 < j < m — 1, and 
ord(Ljj) < Nj — hj for l<j<i<m — 1. Then, we can perform majorant 
preserving elementary row operations on the m-th row of M{d) so that its 
new m-th row Lmj{d), j = 1, . . . ,i, satisfies: 

ord{Lm.j) < Nj - hj for j <m , ord(Lmj) < Nj - hm for j >m. 



100 



ALBERTO DE SOLEi AND VICTOR G. KAC^ 



Proof. By assumption, the m-th row of the starting matrix M{d) satisfies 

ord(L^j) < Nj -hm for 1 < j < £ . 

Applying to M{d) the elementary row operation T{l,m;cd^^~^"'), where 
c = ami;Ni~hrr,/(iii;Ni-hi, we get a new matrix satisfying 

ord(Lmi) < Ni- hm-1 , ord{Lmj) < Nj - hm for 2 < j < i . 

Next, applying the elementary row operation T{2,m;cd^^~^"^), for suitable 
c J-, we get a new matrix satisfying 

ord(Lmi) < Ni-hm-l , ord{Lm2) < N2 - hm - I , 
ovd{Lmj) < Nj — hm for 3 < j < £ . 
Proceeding in the same way, we get after m — 1 steps, a new matrix satisfying 

ord(Lmj) < Nj — hm — 1 for 1 < j < m — 1 , 
ord(Lmj) < Nj — hm for m < j < £ . 

If /ii = /i2 = • • • = hm, we are done. Otherwise, hi > hm and we apply 
to the last matrix the elementary row operation T(l, m; cd^'^~^'^~^), where 
c = am.i;Ni~h,n~i/'^ii\Ni~hi- We thus get a new matrix satisfying 

ord(Lmi) < Ni- hm-2 , oid{Lmj) < Nj - hm - I for 2 < j < m - 1 , 
ord(Lmj) < Nj — hm for m < j < £ . 

Next, if /i2 > hm, we apply the row operation l'{2,m;cd^^'~^"'~^), for suit- 
able c J-, and we get a new matrix satisfying 

ord{Lmi) < Ni-hm-2 , ord(L„,2) < N2 - hm - 2 , 
ord(-Lmj) < Nj — hm — 1 for 3 < j < m — 1 , 
ord(-Lmj) < Nj — hm for m < j < £ . 

Let r < m — 1 be such that hr > /ir+i = hm- We proceed in the same way 
and we get, after r steps, a new matrix satisfying 

ord(-Lmj) < Nj — hm — 2 for 1 < j < r , 
OTd{Lmj) < Nj — hj — 1 for r + 1 < J < m — 1 , 
ord(Lmj) < Nj — hm for m < j < £ . 

If hr — hm > 2, we again apply consecutively elementary row operations 
T(l, m; cia''i-'''"~2), r(2, m; 028^^-''"'-'^), . . . , r(r, m; Crd^''-^"^-'^), for ap- 
propriate ci , . . . , Cr G J-". As a result we get a new matrix satisfying 

ord(Lmj) < Nj - hm-^ for 1 < j < r , 
ord(Lmj) ^ Nj — hj — 1 for r + 1 < j < m — 1 , 
ord(Lmj) < Nj — hm for m < j < £ , 
and proceeding as before hr — hm. times, we get a matrix satisfying 

ord(Lmj) < Nj — hr — I for 1 < j < r , 
ord(Lmj) < Nj — hj — 1 for r+l<j<m — 1, 
ord(Lmj) < -/Vj — hm for m < j < £ . 
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If /ii = • • ■ = hr, we are done. Otherwise, let s < r — 1 be such that 
hs > hs+i = ■ ■ ■ = hr. We proceed in the same way as before to get, after a 
finite number of steps, a new matrix satisfying 

ord(Lmj) < Nj — hs — 1 for 1 < j < s , 
ord(Lmj) < Nj — hj — 1 for s + l<j<m— 1, 
ord(Lmj) < Nj — hm ioi m < j < i . 
Continuing along these lines, one gets the desired result. □ 

Proposition A. 2. 7. Let M{d) = [Lij{d)) be anixi matrix differential op- 
erator with majorant {Ni, . . . ,Nf, hi > ■ ■ ■ > hi}. Assume that the leading 
matrix M(C) associated to this majorant, defined in (A. 2. 4), is non degener- 
ate. Then, after possibly permuting the columns of M{d), and after applying 
majorant preserving elementary row operations, we get a matrix of the form 
M{d) = (Lij{d)), where 

ordiLjj) = Nj - hj for 1 < j < £ , 
ord(Lij) <Nj-hi for I < i < j < £ , 
ord(Lij) < Nj - hj for 1 < j < i < £ . 

Proof. Since the first row of the leading matrix M(^) is non zero, after 
possibly exchanging the first column of M[d) with its j-th column, j > 1, 
we can assume that Lii{d) has order Ni — hi. Applying Lemma A. 2. 6 to the 
first two rows of the matrix M{d), we get, after elementary row operations 
on the second row, a new matrix M{d) with L2i{d) of order strictly less than 
Ni — hi, and L2j{d) of order less than or equal to Nj — /12 for j > 2. By 

Remark A. 2. 4, the leading matrix M(^) of the new matrix M{d) is again non 
degenerate, and it has zero in position (2, 1). In particular, the first two rows 

of M(^) are linearly independent, and, after possibly exchanging the second 
column with the j-th column with j > 2, we can assume that a22-N2-h2 0, 
i.e. ord(L22) = -^2 — /i2- Applying Lemma A. 2. 6 to the first three rows of 
the matrix M{d), we get, after elementary row operations on the third row, 
a new matrix with ord(L3i) < Ni — hi, ord(L32) < N2 — h2, ord(L3j) < 
— hs, j > 3. Repeating the same procedure for each subsequent row, we 
get the desired result. □ 

Proposition A. 2. 8. Let M{d) = (^Lij{d)^ be an £ x £ matrix differential 
operator as in the conclusion of Proposition A. 2.1, i.e. ord(Ljj) = Nj — hj 
for I < j <£, ord(Lij) < Nj - hi for 1 < i < j < £, and ord(L.y) < Nj - hj 
for 1 < j < i < £, where Ni, . . . , Ni and hi > ■ ■ ■ > hi are non negative 
integers. Then it has the following majorant {N'-; h'-}: 

N'l = Ni - hi, . . . ,N'i = Ni - hi ; h[ = ■■■ = h'i = 0. 

The leading matrix M(^) associated to this majorant of M{d) is upper tri- 
angular with non zero diagonal entries, and the (ij) entry with i < j is zero 
unless hi = hj. 
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Proof. Obvious. □ 

The ring ^-"[5] of scalar differential operators over T is naturally embedded 
in the ring of pseudodifferential operators -^[<9][[(9~^]], which is a skewfield. 

All the above definitions and statements have an obvious generalization 
to pseudodifferential operators. In particular, we define a majorant {Nj; hi} 
of an m X i matrix pseudodifferential operator M[d) in the same way as 
before, and the corresponding leading matrix M(^) by the same equation 
(A. 2. 4) (except that here we allow negative powers of the variable i^). We 
also define elementary row operations and majorant preserving elementary 
row operations as in Definition A. 2. 3, except that we allow P{d) to be a 
pseudodifferential operator. Finally, in the case of pseudodifferential opera- 
tors Propositions A. 2. 7 and A. 2. 8 still hold, and have the following stronger 
analogue: 

Proposition A. 2. 9. Let M{d) = [Lij{d)) be an £ x £ matrix pseudodiffer- 
ential operator with majorant {Ni, . . . , Ni; hi > ■ ■ ■ > hi}. Assume that the 
leading matrix M(^) associated to this majorant is non degenerate. Then, 
after possibly permuting the columns of M{d), and after applying majorant 
preserving elementary row operations, we get an upper triangular matrix 
M{d) = {Lij{d)), with ord{Ljj) = Nj - hj for all j = 1, . . . ,i. The result- 
ing matrix M[d) has the following majorant {Nj] hi}: 

Ni = Ni-hu...,Ni = Ni-hi; hi = ■■■ = hi = 0. 

Proof. First, following the proof of Proposition A. 2. 7, we can apply majo- 
rant preserving elementary row operations, and possibly permutations of 
columns, to reduce M{d) to a matrix pseudodifferential operator satisfying 
the following conditions: 

ord(Ljj) < ord(Ljj) = Nj - hj for ah 1 < j < f < £ . 

Let then i > j, and recall that, by assumption, hj > hi, and, by the above 
condition, P{d) = Ljj{d)Lij{d)~^ has negative order. Hence, the elementary 
row operation T(j, i; P) is majorant preserving. Applying such elementary 
row operations a finite number of times, we get the desired upper triangular 
matrix. The last statement is obvious. □ 

Recall that any H. x I matrix pseudodifferential operator M[d) has the 
Dieudonne determinant of the form det(M(5)) = cSf", where c € ^ is 
an indeterminate, and d € Z. In fact, the Dieudonne determinant is de- 
fined for square matrices over an arbitrary skewfield /C, and it takes val- 
ues in /C^/(/C^,/C^) U {0}, [Die], [Art]. By definition, det(M(5)) changes 
sign if we permute two rows or two columns of M{d), and it is unchanged 
under any elementary row operation T{i,j;P) in Definition A. 2. 3, for ar- 
bitrary i ^ j and a pseudodifferential operator P{d). Also, if M{d) is 
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upper triangular, with diagonal entries Lii[d) of order ni and leading coef- 
ficient Oj, then det(M(9)) = ( Hi "^0^^' proved in the above refer- 
ences that the Dieudonne determinant is well defined and Aet{A[d)B{d)) = 
det(^(9)) Aet{B{d)) for every £ x £ matrix pseudodifferential operators A{d) 
and B{d). Moreover, we have the following proposition (cf. [Huf], [SK], 
[Miy]): 

Proposition A. 2. 10. IfM(d) is anlxi matrix pseudodifferential operator 
with nan degenerate leading matrix Af(^) (for a certain majorant {Nj;hi} 
ofM{d)), then 

det(M(5)) = det(M(0) ■ 
In particular, degg det(M(9)) = X]j=i(^i ~ ^i)- 

Proof. It follows Proposition A. 2. 9 since, by Remark A. 2. 4, the determinant 
of the leading matrix M[^) is unchanged by majorant preserving elementary 
row operations. □ 

Example A. 2. 11. If M{(^) is degenerate, we can still have det(M((9)) 7^ 0. 
For example, the matrix differential operator 

1 a 

d ad 



M{d) 



has the majorant A'^i = N2 = 1, hi = l,/i2 = 0, and the corresponding 
leading matrix 

-{I < 

is degenerate. However, M{d) can be brought, by elementary row opera- 
tions, to the matrix 

' 1 a 
-a' 

which shows that det(M(9)) = —a'. 

A. 3. Linearly closed differential fields. 

Definition A. 3.1. A differential field T is called linearly closed if any 
linear differential equation, 



anU 



(n) 



-|- • • • -|- aiu' + aou = b , 



with n > 0, ao, . . . , a„ € 7^ 0, has a solution in T for every h ^ T , 

and it has a non zero solution for 6 = 0, provided that n > 1. 

Remark A. 3. 2. For a linearly closed differential field J- and a non zero dif- 
ferential operator L{d) G the map L{d) : T ^ T given by a 1— )• L{d)a 
is surjective. Indeed, by definition, the differential equation L{d)u = b has 
a solution in T for every b £ J-. 

Remark A. 3. 3. Any differential field J- can be embedded in a linearly closed 
one. Note also that a differentially closed field is automatically linearly 
closed. 
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Remark A. 3. 4. Let J-" be a linearly closed differential field. Letting x £ J- 
be a solution of dx = 1 we get that J- contains the field of rational functions 
over C hi X. In particular, is infinite dimensional over C. 

Theorem A. 3. 5. Let T be a differential field. Consider a linear differential 
equation of order N over T in the variable u: L[d)u = 0, where 

L{d) = ttNd^ + aN^id^^^ + ---+aid + ao G J^[d] , a^v / . 

(a) The space of solutions of this equation is a vector space over C of di- 
mension at most N . 

(b) If T is linearly closed, then the space of solution has dimension equal to 
N. 

Proof. We prove (a) by induction on N . For = 0, it is clear. For A^ > 1, if 
there are no non zero solutions, we are done (note that this does not happen 
if J- is linearly closed). If a G is a non zero solution of L{d)u = 0, we 
divide L{d) by 5 — a' /a with remainder, to get L{d) = Li{d){d — a' /a) + R, 
where Li has order A^ — 1 in 5 and R £ F. Since L{d)a = 0, it follows 
that i? = 0. By inductive assumption, the space of solutions of Li(d)u = 
has dimension at most A^ — 1 over C. Consider the linear map over C, 
6 (5 — a' /a)b, b £ It is immediate to check that it maps surjectively 
the space of solutions for L(d) onto the space of solutions of Li(d), and 
its kernel is Ca. The statement (a) follows. For part (b) we use the same 
argument. □ 

Theorem A. 3. 6. (a) Let M{d) be an ix£ matrix differential operator over 
a differential field J-', 
i) //det(M(a)) / 0, then dimc(Ker Af(9)) < deg^ det(M(5)). 
a) IflmM{d) C J-^ has finite codimension overC, then det(M(5)) 7^ 
0, provided that C ^ T . 

(b) Assuming that the differential field J- is linearly closed, the following 
statements are equivalent for an ix£ matrix differential operator M{d): 

i) det(M(9)) / 0, 

ii) dimc(Ker M(c?)) < 00, 

Hi) det(M(9)) / and dimc(Ker M(a)) = deg^ det(M(9)), 
iv) codimcImM(9) < 00, 
v) M{d) : ^ is surjective. 

(c) Let M{d) be an m X I matrix differential operator over a linearly closed 
differential field T , such that Ker(M(3)) has finite dimension over C 
and lm{M[d)) has finite codimension over C. Then necessarily m = i 
and det{M{d)) / 0. 

Proof. Since the dimension (over C) of Ker(M(3)) and the codimension 
of Im(M((9)) are unchanged by elementary row operations on M{d), we 
may assume, by Lemma A. 2. 5, that M{d) is in row echelon form. Assume 
first that M{d) is an £ x £ matrix. If det(M(())) 7^ 0, it means that its 



THE VARIATIONAL POISSON COHOMOLOGY 



105 



diagonal entries Lii{d) are all non zero, say of order n^. Hence the cor- 
responding homogeneous system M{d)u = is upper triangular and, by 
Theorem A. 3. 5, its space of solutions has dimension less than or equal to 
rii = deg^ det{M{d)) (and equal to it, provided that T is linearly closed). 
This proves part (a)(i) and, in (b), (i) implies (iii) (and hence it is equivalent 
to it). Similarly, if det{M{d)) = 0, then the last row of M[d) is zero, so that 
ImM(5) is of infinite codimension over C. Here we are using the fact that 
F is infinite dimensional over C, since any / € J-", such that /' 7^ 0, is not 
algebraic over C. (Indeed, if / € is algebraic and P{f) = is its monic 
minimal polynomial over C, then = dP{f) = P'{f)f', so that P'{f) = 
if /' 7^ 0, a contradiction.) This proves part (a)(ii) and, in (b), that (iv) 
implies (i). 

Since, in statement (b), condition (iii) obviously implies (ii), and (v) ob- 
viously implies (iv), in order to prove part (b) we only need to prove that 
(ii) implies (v) . Assume that J- is linearly closed (hence infinite dimensional 
over C, by Remark A. 3. 4), and that, by condition (ii), M{d) has finite di- 
mensional kernel over C. Then its last diagonal entry is non zero, otherwise, 
by Theorem A. 3. 5, there is a solution of the homogeneous system M{d)u = 
for every choice of ui. Therefore M{d) is upper triangular with non zero 
diagonal entries, and then, again by Theorem A. 3. 5, the inhomogeneous sys- 
tem M{d)u = b has a solution for every b € J-^, i.e. M{d) is surjective. This 
completes the proof of part (b). 

Finally, we prove part (c). Assume, as before, that M{d) is in row echelon 
form. The homogeneous system M{d)u = admits a solution for every 
choice of a coordinate Ui which does not correspond to a pivot of M{d). 
Hence, since Ker(M(9)) is finite dimensional over C, we must have m > i. 
li m > i, then the last m — (. rows of M{d) are zero, and then the image of 
M{d) has infinite codimension. □ 

Corollary A. 3. 7. (cf. [Huf, Miy]j Let M{d) he an Ix I matrix differential 
operator with coefficients in a differential field T . Suppose that the leading 
matrix M{^), associated to a majorant {Nj;hi} of M{d), is non degenerate. 
Then the space of solutions for the homogeneous system M{d)u = has 
dimension over C less than or equal to 

I 

^ = - ^i) ( = det(M(5))) . 

Moreover, if J- is a linearly closed differential field then the inhomogeneous 
system M{d)u = b has a solution for every b G IF^, and the space of solutions 
for the homogeneous system M{d)u = has dimension equal to d. 

Proof. By Proposition A. 2. 10, if M(^) is non degenerate, then det(M(9)) = 
det(M(0), and deg^ det(M(9)) = Tjj{Nj - hj) = d. Hence, by Theorem 
A. 3. 6, dimc(Ker M(9)) < d and, if J-" is linearly closed, M{d) is surjective 
and dimc(Ker M(9)) = d. 

□ 



106 



ALBERTO DE SOLEi AND VICTOR G. KAC^ 



In Section A. 5 we will need the following slight generalization of Corollary 
A.3.7. 

Corollary A. 3. 8. Let T be a linearly closed differential field with subfield 
of constants C. Let A{d) be an i x i matrix differential operator such that 
det{A{d)) 7^ 0. Let M{d) = {Lij{d)) be an i x £ matrix pseudodifferential 
operator with non degenerate leading matrix M(^) associated to a majorant 
{Nj, j = l,...£;hi,i = !,...£}. Assume, moreover, that A{d)M{d) is a 
matrix differential operator. Then the inhomogeneous system of differential 
equations A{d)M{d)u = b has a solution for every b G J-^ , and the space 
of solutions of the corresponding homogeneous system A{d)M{d)u = has 
dimension over C equal to 

i 

d = dimc(Ker + ^{Nj - hj) . 

i=i 

Proof We have det{A{d)M{d)) = det{A{d)) det{M (d)) / 0. Moreover, by 
Proposition A.2.10, we have deg^ det{M{d)) = " ^j)' while, by The- 

orem A. 3. 6 (b)(iii), we have deg^det{A{d)) = dimc(Ker A{d)). Therefore 

degg det{A{d)M{d)) = dimc(Ker ^(9)) + ^{Nj - hj) . 

j 

The statement follows from Theorem A. 3. 6(b) applied to the matrix differ- 
ential operator A{d)M{d). □ 

A. 4. Main results. 

A.4.1. The scalar case. 

Theorem A.4.1. Let T be a linearly closed differential field, and let K(d) S 
J-[d] be a non zero scalar differential operator. For every skewadjoint dif- 
ferential operator S{d), there exists a differential operator P{d) such that 

(A.4.1) K{d) o P{d) - P*{d) o K*{d) = S{d) . 

Proof. Let K(d) be of order N with leading coefficient 7^ 0. Note that, 
replacing P{d) by k]yP{d), we can reduce to the case when fcjv = 1- 

If S{d) has order n > N (clearly n must be odd) with leading coefficient 
a e 7", letting P{d) = §5""^, we have that S{d) - K{d) o P{d) + P*{d) o 
K*(d) is a skewadjoint differential operator of order strictly less than n. 
Hence, repeating the same argument a finite number of times, we reduce to 
the case when S{d) has order n < — 1. In particular, for N = 1 there is 
nothing to prove since S is skewadjoint, hence zero. 

In fact, we will consider the case when ord(S') = n < 2N — 3, which, 
for N > 2, covers all possibilities. We will prove that in this case we can 
find P{d) solving (A.4.1) of order less than or equal to — 2. By Corollary 
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A. 1.3 and Lemma A. 1.5, the operators K{d), P{d) and S{d) can be written, 
uniquely, in the forms 

N N~2 
K{d) =Y^d^okn, P{d) = , 

(A.4.2) -0 "=%_2 

s{d) = s+id) - s^{d) , s+{d) = ^ o s„,a™ = 51(5) . 

m=0 

Clearly, equation (A. 4.1) is equivalent to say that K{d) o P{d) and 5+((9) 
differ by a selfadjoint operator. By Lemma A. 1.2 K(d) o P{d) is, up to 
adding a selfadjoint operator, equal to 

TV 7V-2 [^] 
p=0 q=0 m=min{p,q) 

where 7^"^ are integers and 7^"^ = (^^1"^) for p > q. Exchanging the order 
of summation, the above expression can be written in the form 

Af-2 

(A.4.3) E l?,fd'^'^^ o^kpUq^P+'i-^'^-^^d"' , 

m=Op,qeVN,m 

where 
(A.4.4) 



p l£ q < N — 2, min(p, q) < m, p + q > 2m + l| • 



Comparing (A.4.3) with the expression (A.4.2) for S^{d), we conclude that 
equation (A.4.1) is equivalent to the following system of — 1 linear differ- 
ential equations in the — 1 variables Ui, i = 0, . . . , N — 2: 

(A.4.5) Y 7^nV.)^^+*"'"^"'^ = ^m, 

for m = 0, . . . , A - 2. 

The system (A.4.5) is of the form M{d)u = s, where u = {uq)^Sf^, s = 
(sm)m=o ^^"^ -^'^ ~ {Lmq{d)) is the matrix differential operator with entries 
Lmq{d)= Y o kp , 0<m,q<N-2. 

p: {p,q)eVff 

.m 

Note that Lmq{d) has order less than or equal to Nq — hm, where Ng = 
N + q — 1 and hm = 2m. The leading matrix associated to this majorant, 
defined by (A.2.4), has M(0 = {Mmq^^+'^-^^-^)m~lo^ where 
JO ifO<m<g<A-2 
^""^ " I i^m-q^) iiO<q<m<N-2 ■ 

In particular M(l) is upper triangular with I's on the diagonal. Hence, by 
Corollary A. 3. 7 we conclude that the system (A.4.5) has solutions. □ 
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Theorem A. 4. 2. Let K[d) G ^[d\ he a scalar differential operator of order 
N over a differential field J- . Then the set of differential operators P{d) of 
order at most N — 1 such that K{d) o P{d) is selfadjoint is a vector space 
over C of dimension less than or equal to (^) and, if T is linearly closed, it 
has dimension equal to (^) . 

Proof. First we note that, since K{d) o P{d) is selfadjoint of order less than 
or equal to 2N — 1, it must have order at most 2N — 2, i.e. P{d) has order 
at most N — 2. The condition on P{d) means that P{d) is a solution of 
(A.4.1) with S{d) = 0. Hence, if we expand K{d) and as in (A.4.2), 

the condition on P{d) reduces to the system of differential equations (A. 4. 5) 
with Sm = 0. As observed in the proof of Theorem A.4.1, the matrix M{d) 
of coefficients has majorant {Nj = N +j — 1; hi = 2i} and the corresponding 
leading matrix M[£^) is non degenerate. Hence, by Corollary A. 3. 7, the space 
of solutions has dimension at most 

N-2 N-2 . . 

d=Y,{Ni-K)=Y,{N-l-i)=i^], 

4=0 i=0 ^ ^ 

and equal to d if is linearly closed. □ 
A.4.2. The matrix case. 

Theorem A. 4. 3. Let K{d) € Mat^ x^(-^[f5]) be an i ^ i matrix differential 
operator of order N with invertible leading coefficient, over a differential 
field T . 

(a) If F is linearly closed, then for every skewadjoint ixi matrix differential 
operator S{d), there exists an ixi matrix differential operator P{d) such 
that 

(A.4.6) K{d) o P{d) - P* {d) o K* (d) = S{d). 

(h) The set of differential operators P{d) of order at most N — 1 such that 
K{d)oP{d) is selfadjoint is a vector space overC of dimension less than 
or equal to d = (^^) , and equal to d provided that T is linearly closed. 

Proof. We follow the same steps as in the proof of Theorems A.4.1 and A.4.2. 
Let Kj\i G Mat£x£(-^) be the leading coefficient of K{d). Replacing K{d) by 
K{d) o and P{d) by K^Pid), we can reduce to the case when K{d) 
has leading coefficient Kj^i = I. 

Let S{d) be of order n, with leading coefficient Sn G Mat£x£(-^)- Since, 
by assumption, S{d) is skewadjoint, we have 5^ = {—l)'^~^^Sn- If n > N, 
letting P{d) = \Snd'^~^ + Pi{d), the equation for P{d) becomes 

K{d) o p^{d) - p;;{d) o K*{d) 

= S{d) - ^K{d) o 5^5"-^ + (-l)^!^"-^ o SnK*{d) . 

Note that the RHS of the above equation is a skewadjoint £ x i matrix 
differential operator of order strictly less than n. Hence, repeating the same 
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argument a finite number of times, we reduce to the case when S{d) has 
order n < N — 1. 

In fact, we will consider the more general case when ord(5') = n < 2N — 1. 
We will prove that, in this case, we can find P{d) solving (A. 4. 6) of order 
less than or equal to — 1. By Corollary A. 1.3 and Lemma A. 1.5, the 
operators K(d), P{d) and S{d) can be written, uniquely, in the forms 



N 



N-l 



K{d) = 5" o i^, , P{d) = J2 Und" 



(A.4.7) 



n.=0 
N~l 



n=0 



Sid) = Y,d'^°{9°Am + Amd + Bm)d'^ , 



m=0 



where Kn, Un, An, Bn G Mat^xK-^) and = Am, -B^ = -Bm- By 
Lemma A. 1.2 we have 



(A.4.e 



N N~l 

K{d) o P{d) = Y,J2dPo {KpUq)d'i 

N N~lN~l 

p=0 g=0 m=0 
N N-l N-l 
+ 5^ '^m^^™ ° (i^pC/g)(P+9-2m)^m ^ 

p=0 q=0 m=0 



where 7^"^ and 5^ are integers and 



= 



^P:? _ (p-rn-l\ 
Im — \ m-q ) 
XPyQ — {p-m-l\ 
""^ — {m-q-lJ 



unless 0<p<N,0<q<N-l 
and min(p, q) < m < ^^2~^ ' 
unless 0<p<N,0<q<N-l 
and min(p, q + 1) < m < [^^] , 
iiO<q<p<N,q<m< 2±|z 
iiO<q<p<N,q + l<m< [2±2] 



We thus get from (A.4.^ 



(A.4.C 



N N-l N-l 

K{d) o p{d) - p*{d) o K*{d) = E E E 

p=0 (j=0 m=0 
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Comparing (A. 4. 9) and (A. 4.7) we get, from the uniqueness of the decom- 
position (A. 1.3), the following system of equations (m = 0, . . . , — 1): 



N N-1 

(A.4.10) ^^=°^=_° 
2 



N N-1 

o E E + ^^'n^m^pU, - t/jKj)(^+'^-2-) = B„ 



p=0 q=0 

This can be viewed as a system of linear differential equations in the i'^N 
entries Uqij of the i x i matrices Uq, q = 0, . . . , N — 1. The number of 
independent equations is also i'^N, since both sides of the first equation are 
manifestly symmetric and both sides of the second equation are manifestly 
skewsymmetric. 

We make a change of variables Xq = ^{Uq + Uj) = {xqij)^.^-^ and Yq = 

\{Uq — Uq) = {yqij)lj^i- In these variables, the system (A.4.10) has the 
form 



Lmij+;qi' j' +{d)Xqii ji + L^ij + 'qi' j' -{d)yqii j 

q,i',j' q,i',j' 

^ ^ Lmij-;qi'j'+id)Xqiiji + ^ ^ L^ij _-qi/ ji _{d)yqi' ji = h 



where Am = {amij)^^^-^ and Bm = {bmij)i j^^, and, for m, g = 0, . . . , - 1 
and = !,...£, 



2 

p=0 

TV 



Lmij+,qi'j'—{d) — p ^ ^ Irn^^^'^ {^jJ'^pH' ^i,i'^pjj') ; 

1 ^ 

p=0 

1 ^ 



2 

p=0 

where kpij denotes the entry of the matrix Kp. Hence, the system 

(A.4.10) is associated to the i'^N x i'^N matrix differential operator M{d) = 
[Lmije;qi'j'e'{d)) with rows and columns indexed by quadruples {m,i,j,e), 
where m = 0, . . . , A^ — 1, e = =b, i, j = 1, . . . , £ with i < j if e = + and with 
i < j if e = —. In particular, OTd{Lmije;qi'j'e'{d)) < N + q — 2m — — 
Nqi'j'e' - hmije, where 

(A.4.11) Nqijs = N + q , hmije = 2m + . 



2 
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In order to apply Corollary A. 3. 7, we need to check that the leading 
matrix Af(^) (defined by (A. 2. 4)) associated to the majorant (A. 4. 11) is 
non degenerate (or equivalently, by equation (A. 2. 5), we need to check that 
M(l) is non degenerate). Recalling that = I, we have the following 
formulas for the entries lmij£,gi'j'e' of the matrix M(l): 

7m'^SiA'dji> for e = e' = + , 



lmij£,qi'j'e' - { Jm'^ + 26m'^ 6i^i' 6jj> foT 6 = e' = - , 

for e / e' . 

In particular, M(l) is a block diagonal matrix, with upper triangular blocks, 
having I's on the diagonal, hence it is non degenerate. By Corollary A. 3. 7 
we conclude that the system (A. 4. 10) always has solutions if J- is linearly 
closed, proving part (a). Moreover, by Corollary A. 3. 7, the space of solutions 
of the corresponding homogeneous system has dimension over C less than or 
equal to (and equal if T is linearly closed) 

N-i I N-1 e 



d = X] {Nmij+ - hmij+) + ^ ^ {Nm.ij~ - h 

m=0 1<i<j<e m=0 1<i<j<e 

Y,{N-m-l) + ^^Y.{N-m)= i ^ \ 



m=0 m=0 
proving part (b). □ 



A. 5. Generalization to polydifferential operators. 

A. 5.1. Preliminaries on polydifferential operators on . The goal of this 
technical section is to provide lemmas which will be used in the proof of 
Corollary A. 5. 10 and Theorem A. 5. 11 in the next section. 

For k E a k- differential operator on is, by definition, an array 

(A.5.1) (^'*o,n,...A.(Al, • • • , ^fe))io,n,...,i,6{l,.../} ' 

consisting of A;-differential operators on J-", i.e. 

(A.5.2) -Pio,ji,...,ife(Ai, . . . , Afe) 



The reason for this name is that to an array as in (A.5.1) we can associate 
a fc- linear (over C) map P : (^J^^)®^ = jr^ . . . j^^ ^ j^f- given by 

ii,...,ifee/ 
ni,...,nt;GZ+ 



N 

ni,...,nt=0 
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The symmetric group Sk = Perm{l,2, . . . ,k) acts on such arrays by si- 
multaneous permutations of the indices ii, . . . ,ik and variables Ai, . . . , A^: 

^o,ii,...,ife(-^i' • • • , Afe) = Pio,v-i(i),...,v-i(fe)(A<7-Mi)' • • • ' A^-Hfc)) 

ni,...,7ife=0 

We extend this to an action of the group 5^+1 = Perm{0, 1, . . . ,k), denoted 
P I— P"^ , a € Sk+i, as follows. If Tq, is the transposition of and a E 
{1, . . . , A;} and if P is as in (A. 5. 2), we let 
(A.5.4) 

N 

The reason for this definition is that we have the identity 

(A.5.5) = /F'^W •P'^(F'^(^),...,F'^('=)), 

for every a G 5*^+1, and every F^, . . . G T^, where as usual / denotes 
the canonical map — )• T/dT. The pairing fF-G,F,G € T^, may be 
degenerate, but if we replace by the algebra of differential polynomials 
J-'[u, u', . . .], this pairing is always non degenerate. Extending the map P : 
[T^)®^ J"^ to a map {F[u, u' , . . . Y)®^ —?■ F[u, u' , . . . Y in the obvious way, 
we get that formula (A.5.5) uniquely determines the action of 5^+1 on the 
space of fc-differential operators on F^. 

A fc-differential operator P on F^ is called skewsymmetric (respectively 
totally skewsymmetric) if P^ = sign{a)P for every a E Sk (resp. a € Sk+i)- 
Given an array P as in (A. 5.1), we define its total skewsymmetrization, 
denoted {P)~ , by the following formula: 

(A.5.6) (P)- = _2_ sign(a)P-. 

Clearly, {P)^ = P if and only if P is totally skewsymmetric. Note that if P 
is already skewsymmetric, then it total skewsymmetrization is 

(A.5.7) ipr = kh{p-i2p^" 

a=l 

We define a structure of a Mat^x^(-^[t?])-™odule on the space of fe-differential 
operators on F^ as follows. For an ix i matrix diff'erential operator K[d) = 
[Kij{d)) . ^1 and an array P as in (A. 5.1), we let 

(A.5.8) ''^ 

£ 

(-f^°^)io,n,-,ifc(Ai, • • • , Afc) = ^/Cioj(AiH hAfc+5)P,-i,,„,i^(Ai, . . . , A^) . 
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Clearly, if P is skewsymmetric so is -fT o P, but in general it is not totally 
skewsymmetric, even if P is totally skewsymmetric. 

Note that 0-differential operators on J^^ are elements of J-^, and in this 
case we have {P)~ = P and K o P = K{d)P for every P G J-^. The 
space of 1-differential operators on IF^ is identified with Ma.t£xii^[d]) by 
letting X = d. In this case the action of r = (0, 1) £5*2, defined in (A. 5. 4), 
coincides with taking the adjoint matrix differential operator: P^ = P*, and 
the Mat£x£(-7^[9])-module structure defined in (A. 5. 8) coincides with the left 
multiplication in Mat£x£{J^[d]). 

In order to simplify notation, we let 

(A.5.9) Ao = -Ai \k-d. 

With this notation, the action of the symmetric group S'fc^-i given by (A. 5. 3) 
and (A. 5. 4) reads 

^o,n,...,ife(^i' . . . , Afc) = ^v_i(o),i,-i(i),...,v^i(fc)(Aa-i(i), • • • , A^-i(fc)) , 

where Aq, when it appears, acts from the left on the coefficients of P. More- 
over, the Mat£x£(lF[5])-module structure (A. 5. 8) becomes 

e 

{K o P).o,,„...,i, (Ai, . . . , A,) = ^ (Ai, . . . , Afc) (Ao) , 

i=i 

where again Aq is assumed to be moved to the left. If P is a skewsymmetric 
/c-differential operator on J-^, we then have, by (A. 5. 7), 

iKoP)-^^^_^^{X,,...,Xk) 
^^■'■''^ =r^E(-irE^.. ^ . (Ao,.^,A.)i^,JA„). 

a=0 j=l 

In this section we will generalize the results of Sections A.l and A. 4 
to the case of ^-differential operators on for arbitrary A; > 0. First, 
we introduce some more notation. Given a (fc + l)-tuple in Z^^^, written 
with Latin letters, we use the corresponding Greek letters to denote its non 
decreasing reordering; for example, /io ^ A'l — ' ' ' — A'fc will denote the 
reordering of {mo, mi, . . . , m^) € Z^"^^, while i^o > i^i > ■ ■ ■ > i^k will denote 
the reordering of (no, rii, . . . , rik) E ll^^ . 

Lemma A. 5.1. Let V he a vector space over a field C and let d be an 
endomorphism of V . Let Vmo,...,m^, be elements of V , labeled by the indices 
mo,...,mk € {0, . . . , A^} satisfying fio — fJ-i = 1- Then they satisfy the 
following equation in C[Xi, . . . , X^] '^V, where Aq is as in (A.5.9), 

N 



(A.5.11) ArAr...Arw.,m. = 0, 

mo,...,mfe=0 
(/iO-Ati=l) 

if and only if the following two conditions hold: 
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(i) ^mo,...,"ife = v^i ^...^m' ^/ ihe {k + l)-tuple (jtiq, . . . , m'^) is obtained from 

(mo, ■ ■ ■ , TTik) by a transposition of entries mi = fj,Q and nij = fii; 
(a) given a {k + 1) -tuple (mo,...,mfc) G {0, . . . , A^}*^"*"^ satisfying /io — 
jjLi = 1, subtracting 1 from the maximal entry mi = /io, we get a 
{k + l)-tuple (no, • • • , n^) € {0, . . . , — satisfying uq = v\, and 

we denote Wno,...,nk = Vmo,...,mk (iT'Ote that, by condition (i), Wno,...,nk 
is well defined); these elements should satisfy the following system of 
equations: 

k 

(A.5.12) dWn„...,n,+Yl 

h=0 

where the summand Wno,.. .,71^,-1, ...,nk LHS is considered to be zero 

unless n/j > 1 and the maximal two of the indices no, ■ ■ ■ , n/^ — 1, . . . , nfe 
are equal. 

In particular, if d is infective, then equation (A. 5. 11) has only the zero 
solution. 

Proof. First, we prove that if elements Vmo,...,mk ^ ^1 labeled by mo, . . . , m^ G 
{0, . . . , A^} such that fiQ — fii = 1, satisfy conditions (i) and (ii) of the lemma, 
then equation (A. 5. 11) holds. By condition (i), the LHS of (A. 5. 11) is equal 
to 



(A.5.13) J2 E K'-'-K'^'-'-K'^no^.^n, 

no,...,nk=0 i I ni=U(, 

Since Aq + • • • + + 5 = 0, (A.5.13) can be rewritten as 

AT-l 

/ , ^0 • • • ■■■'^k Wno,...,nk 

no,...,nk=0 j I nj<t/o 
{uo=ui) 

N~l 

no,...,nfe=0 

{vo=vi) 

Renaming Uj + 1 by Uj, the above expression becomes 

JV-l k 

(A.5.14) - J2 ■■■ K" ( E W^no,...,n,-l,...,n.fe + dWnQ,...,nk j , 

no,.--,"fc=0 i=0 

which is zero by equation (A.5.12). 
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Next, assuming that equation (A. 5. 11) holds, we prove, by induction on 
N, that conditions (i) and (ii) necessarily hold. Recalling (A. 5. 9), the coef- 
ficient of Xl^-^ in the LHS of (A.5.11) is 

N~l 

^ ■ ■ ■ -^/T'' {VN,N-I,m2,...,mk — VN-l,N,m2,...,mk) ; 

m2,...,mfe=0 

SO that, necessarily, V]y,N-i,m2,...,mk = VN-i,N,m2,...,mk for ah m2,...,mk € 

i 

{0, . . . , — 1}. More generally, if we replace Aj by — Aq— • " • — A^ — 5 and we 

i 

consider the LHS of (A.5.11) as a polynomial in the variables Aq, .". .,Xk, we 
conclude, by looking at the coefficient of A^^~^ in equation (A.5.11), that 

^ i i i i ' 

mo,...,N,...,N—l,...,'irn; mo,...,N—l,...,N ,...,mf; 

i.e. condition (i) holds for all the elements fmo,.--,mfe with fj,Q = N, and we 
can introduce the notation w„g,...,„^ for indices no,...,rifc G Z4. satisfying 
uq = ui = N — 1. Using this fact, by the same computation that we did in 
the first part of the proof to derive formula (A. 5. 14), we get that equation 
(A.5.11) is equivalent to 
(A.5.15) 

N-l 

E\no \'^k^ I \ " ^m()^ml \"ife„, _n 

Aq . . . J'nov.rifc "t ^0 ^1 ■ ■ ■ '^k '^mo,...,mfc — U , 

no,. 62+ mo,...,mfe=0 
{po=ui=N-l) (/i.o-Mi=l) 

where 

k 

^no,...,nk = WnQ,...,nj-l,...,nk dWno,...,nt^ ■ 
j=0 

The coefficient of A^''^~^A2^. . . A^* in the LHS of (A.5.15) is XN-i^N-i,n2,...,nkJ 

i 

and, in general, if we replace Aj by — Aq— ■'■ ■ —Xk — d, the coefficient of 
^2Ar-2^no V ^nfe -^HS of (A.5.15) is X , , . Hence, equa- 

no,...,N-l,...,N-l,...,nk 

tion (A.5.15) implies that XnQ,...,nk = for indices uq, . . . ,nk. In other 
words, the elements t'mo,...,mfe satisfy condition (ii) when /io = N. Finally, 
equation (A.5.15) allows us to replace by — 1 in equation (A.5.11), so 
that the claim follows by the inductive assumption. 

For the last statement of the lemma, if d is injective equation (A. 5. 12) 
implies that Wno,...,nk = 0, by induction on nj. □ 

Remark A. 5. 2. The system of equations (A. 5. 12) has the form 

(A.5.16) dY = AY 

where Y eV^, d € End(y) and A G Matdxd(C) is a nilpotent matrix. In 
this case, the dimension of the space of solutions of (A.5.16) is equal to 
dim(Ker 9^^'+^), where dj are the sizes of the Jordan blocks of A. Indeed, 
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if A is a Jordan block of size d, it is immediate to check that the space of 
solutions of (A. 5. 16) has dimension equal to dim(Ker S'^"'"^), and the general 
case reduces to this one. 

Lemma A. 5. 3. For no, . . . , G and mo, • • • , rrik E such that /.to — 
Hi = or 1, we define the integers bmo,'.'.'.^mk recursively by the following 
formulas: 

(i) ifvQ-Ui={) or I, we let 6mo;:::X = <5mo,n.o • • • ^mt^n^, 

(ii) if = uq > ui + 2, we let 

(\ ^ ^7\ ^,^^0,•••>'^fe _ _ \ ^ , ^^o,.••»^/3+l,■■■,"Q-lv••>^lfe _ irio,...,na-l,...,nk 

yi^.O.Li) "mo,...,mk ~ "mo,...,mk "mo,...,mu 

Then the following identity holds in F[Ai, . . . , A^, d], for every no, . . . , n^ € 
(A.5.18) 

mo,...,mfe6Z+ 
(/iO-Atl=0 or 1) 

Furthermore, if = vq, then the coefficient 6moj!!!^fc 'i-s zero unless ma = 
A*o ^ ^Gj "nip > f^p for every fi ^ a, and ^i{n% — mi) > 0. In particular, if 
fiQ = vq, then bmo,'.'.'.'^mk zero unless m^ = Ui for every i = 0, . . . ,k. 

Proof. If i/Q — vi = or 1, then obviously (A.5.18) holds for b mo, k — 

a 

Smo,no^mi,ni •••<5mfc,nfc- If n^ = I'o > I'l + 2, Substituting Aq, = -Ao- ."■ ■ 

-Afc - d, we get, 

(A.5.19) 

By induction on — ui, the RHS of (A.5.19) is 

E( _ Sr^ ,no,...,n,^+l,...,na-l,...,?ife _ , no,.--,nQ-l,.--,"fc^ 
\^ «mo,...,mfc Omo,...,mfc J 

(/^0-Mi=0 or 1) 



X 



^0 ■ ■ ■ "^k ~ "mo,...,rrn.^O ■ ■ ■ ' 



mo,.--,"ifeeZ+ 
(^10-/^1=0 or 1) 

proving (A.5.18). The last statement of the lemma is obvious for uq — ui = 
or 1, while, for = fo > vi + 2, it follows by the recursive formula (A. 5. 17) 
and an easy induction on fo ~ i^i- ^ 

Lemma A. 5.4. (a) There exist unique numbers Cmoj!!!^^; for no, . . . ,nfc € 
Z+, and mo, . . . , m^ G Z+ satisfying /Xo — /^i = Ij such that the following 
identity holds in F[Ai, . . . , A^, d^^]: 

(A.5.20) A^"Ar . . . A^'^ = Y. Co;:::r4^rAr^ • • • K'd>^^^^^-^^) , 

(AtO-Ati=l) 
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for every uq, . . . G Z+, where Aq is as in (A. 5. 9). 
(b) The coefficients Cmo,'.'.'.^m.k in part (a) are integers satisfying the following 
properties: 

(i) if ^0 — '^l + 1; then Cmo,..\,m]^ — 5m(,,no^mi,n\ • • • ^771^,12^; 

(a) CrT^^°ly'.'.\,m^^k) = Cmo';::!^fc for all a G Perm{0, 1, . . . , k); 
(Hi) for every no, . . . , nk,mo, . . . , nik G Z,^ such that //q — /ii = 1, we 
have the following recurrent formulas 

k 

(\c.n-i\ no,.-., rife _ _ „no,...,nQ+l,...,rafe 

^mo,...,mf, '^mo,...,mf, ) 

and, for every a = 0, . . . ,k, 



{ A ^ 99"; „no,...,nfe _ _ no,...,n^+l,...,na-l,...,nfe _ , 

\^l\.O.z,^) ''mo,...,mfe ~ Z-^ Cmo,...,rrH: C. 



no,...,n^+l,...,nQ-l,...,nfe _ ^no,...,na-l,...,nfe 

mo,...,mfe 



(iv) Cmo;::;!^fc is zero unless ( = ^i + l) < z^o + 1; 

(v) if vq > vi, then Cmo^!!l^fe is zero unless fiQ < vq; 

(vi) if Ua = vq, then Cmo','.'.'!^fe is zero unless rria > max(/ii, i^i); 
(vii) if np < vi, then Cmo'j!!!^.fe is zero unless mp > np. 

Proof. The uniqueness of the decomposition (A. 5. 20) follows from Lemma 
A. 5.1 in the case V = F[(?^^], with d acting by left multiplication, and we 
want to prove the existence. By Lemma A. 5. 3 the monomial Aq° . . . A^* is a 
linear combination over ¥[d] of monomials A™" . . . A™*" with /io — ^i = or 
1. Hence, we are left to consider the monomials with vq = ui. In this case, 
multiplying the monomial Aq ° A"^ . . . A^*" by 

1 = -Ao5-^ - Ai^-^ Afc^-^ , 

we get 

k 

(A.5.23) a;^°a^i ...xi'^ = -Y,K° ■■■ Kr^^ ■ ■ ■ K'^^^ ■ 

All the monomials which appear in the RHS have the difference between 
maximal and second maximal upper indices equal to or 1. Hence, (A. 5. 20) 
holds by induction on Ylii'^o — ni). 

We next prove part (b). Property (i) is clear. Given a permutation 
a G Sk-\-i and no,...,nfc G we have by part (a) (after changing the 
indices of summation), 

^"<t(0) ^n^{k) _ "a(0)v..,n<T(fc) ^m<T(0) \"''^(fe)«Ei('^i-'"i) 

^0 ■■■'^k - 2^ Cm^(0),-.'^a(fe)^0 ■■■H (J 

mo,...,"ifeGZ+ 
(^0-/^1=1) 

On the other hand, by permuting the variables Aq, . . . , Afc, since the condition 
Ao + • • • + Afc + (9 = is invariant, part (a) says that we have a unique 
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decomposition 

"^CT-lCO) ■ ■ ■ a-l(fc) ~ ^mo,-,mfc^(T-i(0) • • • '^fT-i(fc)*^ 

mo,...,mfcGZ+ 
(AiO-Ml=l) 



Comparing the above two identities we conclude, by the uniqueness of the 

"■o-(0)v,"o-(fc) 

■^O-CO) V,"l(T(fc) 



decomposition (A.5.20), that CrrTjl'ow.'.ml-U) = Cmo';:::!^^, proving property 



(ii). 

The two identities (A. 5. 21) and (A. 5. 22) fohow immediately by part (a) 
and the equations (A. 5. 23) and (A. 5. 19) respectively. 

Next, we prove properties (iv)-(vii). Let no, . . . , nfc € Z_|_. If z/q = i^i + 1, 
then by (i) we have Cmoj!!!^^ = ^mo,no ■ ■ ■ ^mk,nk^ hence this coefficient is zero 
unless mo = nQ,...mk = rik- Properties (iv)-(vii), in this case, trivially 
hold. 

Suppose next that uq, . . . ,nk S Z+ are such that uq = I'l. We prove, by 
induction on X]j(i^o — rii), that properties (iv) — (vii) hold, i.e. Cmo,'.'.'.^mk is 
zero unless, respectively: 

(iv) fio <uo + 1, 

(vi) rria > Hi and ui, for a such that tIq, = fg, 

(vii) > for all /? = 0, . . . , A;. 

By equation (A. 5. 21) we have 
(A.5.24) 

no,...,nfe r .^A _"S^ no,...,n-,+l,...,nk 

'-mo,...,mk ~ / J 'Jmo,no ■ ■ ■ 'Jmis,n/3+l ■ ■ ■ 'Jmk,nk / ^ '^mo,...,mk 

P\ni3=U(, 7l"7<'^o-l 

Given (3 such that = vq^ the corresponding term in the first sum of the 
RHS is zero unless mo = no, ■ ■ ■ , m^ = n^ + 1, . . . , m/j = n^. In particular 
one easily checks that it is zero unless all conditions (iv), (vi) and (vii) above 
hold. Next, let 7 be such that n-y < z^o ~ Ij a-nd consider the corresponding 
term in the second summand of the RHS of (A.5.24). It has maximal and 
second maximal upper indices both equal to vq. Hence, we can apply the 
inductive assumption to deduce that it is zero unless all conditions (iv) , (vi) , 
and (vii) hold. 

Finally, suppose that Ua = > ui + 2. We prove by induction on i/q — fi 
that properties (iv)-(vii) hold, i.e. Cmoj"!^^ is zero unless 

(v) llo<UQ, 

(vi) rrict > /Lti and z/i, 

(vii) nip > np for all /? 7^ a. 

Consider equation (A. 5. 22). In all terms in the RHS the maximal upper 
index is n^ — 1 = i^o ~ 1) while the second maximal upper index is either 
vi or 1^1 + 1. Hence, we can use the results in the previous case and the 
inductive assumption to deduce that all terms in the RHS of (A. 5. 22) are 
zero unless all conditions (v), (vi) and (vii) above are met. □ 



THE VARIATIONAL POISSON COHOMOLOGY 



119 



Remark A. 5. 5. In the special case k = 1, Lemma A. 5. 4 follows from Lemma 
A. 1.2. In fact, in this case we can use Lemma A. 1.2 to compute explic- 
itly the coefficients c^^i „ and c^^n^i defined in Lemma A. 5. 4. For p = 
q we have c^^i_^ = c^^+i = -5,n,p. Foi p > q we have c^^+i,^ = 
(^_l^rn+p+i ^p-rn^ when q < m < [{p + q)/2\ and zero otherwise, and 

c^^i = i-ir+P+^^'l'lZl) when q + l < m < [{p + q)/2] and zero 
otherwise. For p < q they are obtained using the symmetry condition (ii) in 
Lemma A. 5. 4. 

Remark A. 5. 6. The polynomials (1 + xi + • • • + ...x^'°, with 

mo, mi, . . . , ruk € Z+ such that fiQ — fii = 1, form a basis (over Z) of the 
ring Ij[xi, . . . , Xk]- Indeed, the linear independence of these elements follows 
from Lemma A. 5.1 in the special case when V = Q_ and 3 = 1, while the 
fact that they span the whole polynomial ring follows from Lemma A. 5. 4. 

The following is a simple combinatorial result that will be used in the 
proof of the subsequent Lemma A. 5. 8. 

Lemma A. 5. 7. Let mi, . . . , m^, ni, . . . , G Z4. be such that {fii, . . . , /Xfc) < 
(z^i, . . . , i^fc) in the lexicographic order. Then: 

(a) rria < for some a E {1, . . . , A;}; 

(b) suppose, moreover, that rua < for exactly one index a € {1, . . . , A;}, 
and mj3 > njs for every other fi ^ a, and let Ua = i^i, then fii = 

Proof. Let {ai, . . . , Ok} and {/3i, . . . , be permutations of {1, ... , k} such 
that ruai ^ "^02 ^ ■ ■ ■ ^ "T-Ofc and n^^ > Ujs^ > • • • > n^j^.. In particular, 
Hi = ruai and Vi = np^ for every i. 

For part (a), suppose, by contradiction, that rua > for every a = 
l,...,k. Then, clearly, fii > m^^-^ > = ui. Since, by assumption, 
fii < vi, we conclude that /ii = vi. Suppose, by induction, that /ii = 
z^i, . . . = Vi-i for i > 2. If {ai, . . . ,ai_i} = . . . ,/3i-i}, we have 

j3i {qi, . . . , Qj_i}, and therefore //j > m^. > n^. = Vi. Similarly, if 
{ai, . . . ,ai_i} 7^ {/3i, . . . ,/3i_i}, we have /3j {cti, . . . , Qi_i} for some j < 
z — 1, and therefore /Uj ^rnp. > np^ = Vj > Vi. In both cases we have fii > Ui 
and, since, by assumption, fii < I'i, we conclude that /li = Vi. It follows that 
(//I, . . . , fik) = (z^i; • • • ; i^fc); ^ contradictlou. 

For part (b) we use a similar argument. In our notation, a = (3i for some 
i > 1. If i = 1, there is nothing to prove. If i > 2, we have /ii > m^j > np^ = 
vi, and therefore /ii = ui. Hence, the claim is proved for i = 2. Suppose 
next that i > 3 and assume, by induction, that Hi = ui, . . . , fj.j = Uj, where 
j < i - 2. If {ai, ...,aj} = {/3i, . . . ,/3j}, we have /3j+i {qi, . . . ,0^}, 
and therefore fJ-j+i > fnp.^^ > np-^^ = Vj+i- Similarly, if {ai,...,aj} ^ 
. . . , we have {ai,...,aj} for some h < j, and therefore 
A'j+i > "1/3^ > n^^ = i^h > ^j+i- III both cases we have ^j+i > ^j+i and, 
therefore, /^j+i = ^j+i- In conclusion, /ii = i^i, . . . , ^i-i = i^i-i, proving the 
claim. □ 
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Lemma A. 5. 8. Let mi, . . . , m^, ni, . . . , € {0, . . . , — 1} be such that 
(/Ui, . . . , /Ufc) < (z^i, . . . , z/fc) in the lexicographic order. Then: 
fn) ^^■'^iv.'^fc _ n. 

("■/ ^Ati+l,mi,...,mfe — 

/V \ na,n-\ ,...,N .....rii- n r i i 

(bJ c^i;i,m;,...,m, = for every a = l,...,k; 

(V ^1/1+1,711,...,?^. — \ ^) > 

fd; c";"4"i';;';.^;„:;"'' = O for every a = l,...,k. 

Proof. By Lemma A. 5. 7(a), < for some 7 7^ 0. Then, by property 
(vii) of Lemma A. 5. 4(b), we have c^^'^Ym.i'' ~ proving part (a). 
For part (b), we first observe that, by property (vi) of Lemma A. 5. 4(b), 

a. 

if a 7^ then c^°^i^mi^' m"'' ~ unless rua = /ii- Moreover, if < for 

a 

7 7^ a, again by property (vii) of Lemma A. 5. 4(b), we have c^'^+im^'^^'m^'' = 
0. Hence, by Lemma A. 5. 7(a), we only have to prove (b) in the case when 
/ii = TUa < na, and > for every j3 ^ a. Suppose, in this case, that 
na = T^ii for i > 2. Then, by Lemma A. 5. 7(b), we have /ii < < = 
i^i ^ 1^1 = fJ-i, which is impossible. Hence, we are left to consider the case 
when rUa = < Ha = i^i and > rijj for every /? 7^ a. By property (vii) 

a. 

of Lemma A. 5. 4(b), we have that c^"+i mi^' m^'' ~ ^ unless ;Ui + 1 > tIq,. 
Hence, we only need to consider the case when /ii + 1 = vi. But in this case 

a. 

rUa = fJ^i < IJ.1 + I = 1^1, and hence c^"+lmi^,]]m'l'° = by property (vi) of 
Lemma A. 5. 4(b). This completes the proof of part (b). 

For = ni + 1, we have c^j+i'^'j"'' rifc = 1 by property (i) of Lemma 
A. 5. 4(b). For > ni + 2, we have, by the recursive formula (A. 5. 22), 

N,ni,...,nk ^ _ N-l,ni,...nf,+l,...,nk _ N-l,ni,...,nk 
'^ui+l,ni,...,nk / >^i^i+l.ni rii. ^ui+l,ni,...,nk ' 

Since — 1 is the maximal upper index in all terms of the RHS, the first 
term in the RHS is zero by property (vii) of Lemma A. 5. 4(b). Hence, we 
get c^'+i'.n;^!'.,^;, = -c^+i,n' which, by induction, imphes part (c). 
We are left to prove part (d). If A^ = z^i + 1, by property (i) of Lemma 

a 

A. 5. 4(b), we have that c]J"4-Trii '^n ~ every a 7^ 0, since 7^ A^. 
For A^ > ni + 2, we have, by the recursive formula (A. 5. 22), 

na,ni,...,N,...,rn. _ _ \ ^ na,ni,...,n^+l,...,N-l,...,n^. 
'^ui + l,ni,...,nk ~ ~ 2-^ '^iyi+l,ni,...,nk 
/3^0,a 

a a 

_ na+l,ni,...,N-l,...,nk _ na,ni,...,N~l,...,nk 
'^ui+l,ni,...,nk ^ui+l,ni,...,nk 

Note that A^ — 1 is the maximal upper index in all terms of the RHS. Hence, 
the first term in the RHS is zero by property (vii) of Lemma A. 5. 4(b), 



THE VARIATIONAL POISSON COHOMOLOGY 121 

since n^j < + 1. Moreover, the second term in the RHS is zero by 
property (vi) of Lemma A. 5. 4(b) since Ua < + 1 < i^i. Hence, we 

a a 

get c^fll';;;'^;;,'"" = -C+i!ni;.^,nfe""'"'' which, by induction, imphes that 

a 

Cvi+Mi,...,;; = 0. proving (d). □ 

Corollary A. 5. 9. If d : J- J- is surjective, then any polynomial S S 
F[Ai, . . . , Xk] ® J~ admits a decomposition of the following form: 

N 

5(Ai, . . . , Afc) = ^ A[J^° . . . A^''Smo,...,mfc , 
mo,...,mfc=0 

(/io-W=l) 

where Aq is as in (A. 5. 9) (and it acts on the coefficients Smo,...,mk)- 

Proof. Expanding S and substituting each monomial A^^ . . . A^'' with the 
RHS of (A. 5. 20) (for uq = 0), we get the desired expansion, using the 
assumption that d is surjective. □ 

A. 5. 2. The main results for polydifferential operators. 

Corollary A. 5. 10. (a) Let S = (S'jQ^...^ij. (Ai, . . . , A/t)) .^^j. be a totally 

skewsymmetric k- differential operator on . Assuming that d : J- ^ J- 
is surjective, S admits a decomposition 

M 



(A.5.25) S.„,...,,(Ai,...,Afc)= 



m.k mo,...,mt 
io,...,ik 



mo,...,mj;=0 
(Ato-/il=l) 



with Xq is as in (A. 5. 9), where the coefficients s^°'"'-^'' G T are skewsym- 
metric with respect to simultaneous permutations of upper and lower 
indices: 

(A.5.26) cx':^:;:;"' = -g-(-)<^::;r^ v. . S,,^ . 

(b) Assuming that T is linearly closed, the space of vectors G -^}, 

labeled by iq, . . . ,1^ € {!,...,£} and niQ, . . . , m,fc € {0, . . . , A^} such that 
1^0 ~ 1^1 = 1; which are skewsymmetric with respect to simultaneous 
permutations of upper and lower indices, and which solve 

N 

(A.5.27) Ar...Arc::;r = 0' 

(M0-Mi=1) 

has dimension over C equal to 
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Proof. By Corollary (A. 5. 9), each polynomial S'j,j^...^jj. (Ai, . . . , A^) admits a 
decomposition as in (A. 5. 25), for some M € Z+ and some coefficients 
5™'°'"-'^'° G T. Applying total skewsymmetrization to both sides of (A. 5. 25), 
we can replace the coefficients s^°'"'-^'' by totally skewsymmetric ones, prov- 
ing part (a). 

All the solutions of equation (A. 5. 27) are given by elements s'^°'"'-^'' G T 
satisfying conditions (i) and (ii) of Lemma A. 5.1. Therefore, the space of 
arrays {•s™'"'",'™''' G J-'} as in part (b) is in bijective correspondence with the 
space of arrays T = {t^°'"''^'' G T}, labeled by io; • • • )*fc € {1; ■ ■ ■ )^} and 
no, . . . G {0, . . . ,N — 1} such that vq = ui, which are skewsymmetric 
with respect to simultaneous permutations of upper and lower indices, and 
which solve the system of equations 



h=0 

This is a system of linear differential equations of the form dT + AT = 0, 
hence, since by assumption T is linearly closed, the space of solutions has 
dimension equal to the number of unknowns. 



The functions t"'°'"''"''' are labeled by the index set 
C = {!,..., X {(no,...,nfc) G{0,...,Af-l} 



fc+1 



Uq = Vi 



and since they are skewsymmetric with respect to simultaneous permuta- 
tions of indices ng, . . . , and iq, . . . we can say that the entries of the 
array T are labeled by the Sfc+i-orbits in C with trivial stabilizer. Therefore 
D = #(C), where 



C = {w G C/Sk+i Stab(L^) = {!}} . 



We can decompose the index set C as disjoint union of the subsets Cs,ni s 
2, . . . , fc + 1, n = 0, . . . , iV - 1, defined by 



Cs,n= {!,..., X {{no, . . . , nfc) G {0, . . . , N-l}''+' 

and the action of the permutation group S^+i preserves each of these subsets. 
Hence, D = Yln=o #iCs,n), where 

Cs,n = € Cs^n/Sk+i Stab(a;) = . 

It is easy to see, by putting all maximal elements in the first positions, 
that the set Cs,n is in bijection with the cartesian product of the set of Ss- 
orbits with trivial stabilizer in {1, ... , ^}*^+^ x {0, . . . , — 1}'^"'"^ of the form 
{{io, . . . , is) , {n, . . . , n)) , and the set of 5fc+i_c,-orbits with trivial stabilizer 
in {1, ... , X {0, . . . , AT - Ij'^+i of the form . . . , i^), (n„ . . . , n^)) 

with Us, - ■ ■ ,nk < n. Clearly, the cardinality of the first set is (^), and the 
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cardinality of the second set is {f.^i_g) ■ Hence, 

This formula implies equation (A.5.28), since (^"^+^0 = Es^o (D(fc+"i-J- 

□ 

Theorem A. 5. 11. LetkeZ^, andlet K{d) ^MaX,i^i{T[d]) he an Ixi ma- 
trix differential operator of order N with invertihle leading coefficient, over 
a linearly closed differential field T . Then for every totally skew symmetric 
k- differential operator S on J^^ there exists a skewsymmetric k- differential 
operator P on such that 

(A.5.29) {KoPy = S. 

Proof. For k = we have P & J-^ and {KoP)~ = K{d)P. Hence, the claim 
follows from Corollary A. 3. 7 by taking the majorant Nj = N\/j, hi = OVi 
of the matrix differential operator K{d). 

Next let A; > 1. Let K{d) = En=o(-^)" ° ^n, where {-1)^Kn / is 
the leading coefficient. If we let Ki{d) = K{d) o K'^ and Pi(Ai, . . . , Afc) = 
KArPi(Ai, . . . , Afc), we have, by (A. 5. 8), K o P = Ki o Pi. Hence, we may 
assume that Kjy = I. 

Let 5 be a totally skewsymmetric ^^-differential operator on T^. By Corol- 
lary A. 5. 10, S admits a decomposition as in (A. 5. 25). The first part of the 
proof will consist in reducing to the case when M = N. 

Let Mo > Ml > ■ ■ ■ > Mfc be the maximal, in the lexicographic order, 
among all non increasing (fc + l)-tuples /J-o > fJ^i > ■ ■ ■ > such that 
^io'"Tk ^ ^ some iQ,...,ik G I. Clearly, by the skewsymmetry con- 
dition (A. 5. 26), for mo, . . . ,mk € Z+ we have that s'^°'"'-'^^ is zero unless 
{fiQ, . . . , Hk) < (Mq, . . . , Mfc). Hence, the decomposition (A. 5. 25) of S can 
be rewritten as follows 

(A.5.30) S,,_i,{Xi,...,Xk)= E 

mo,...,mfceZ+ 
MO— Ati=0 or 1 
(Mo,...,Mfe)<{Mo,.-,A'4) 

Notice that in (A.5.30), for reasons that will become clear later, we allow 
terms with fiQ — fii equal or 1 (even though, by Corollary A. 5. 10, we could 
restrict to the terms with fiQ — fii = 1). If Mq > N, let P^ be the following 
/c-differential operator on J^^: 

where C denotes the cardinality of the orbit of (Mo,...,Mfc) under the 
action of the symmetric group Sk+i- By (A. 5. 8) and the assumption that 



«0v 



..,mfe 
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Kn = I, we have 
(A.5.31) 

I N~lMo-N , 



j=ln=0 h=0 



Let P be the skewsymmetrization (over Sk) of P*'. Clearly, the skewsym- 
metrization (over Sk) oi K o is equal to K oP, and therefore {K o P)~ = 
{K o P^)~ . Hence, taking the total skewsymmetrization of both sides of 
(A.5.31), we get 
(A.5.32) 

_ ^ "ST Qlanrn-U^-^c X^^i X*^* Mo,...,Mk 

+EE E ( , E -g-(-) 

j=l n=0 /i=0 ^ / \ ' I creSfe+i 

xMo-Af+n-/ixMi <A4 ( f)h \ Mo,Mi,-,Mk 

By the skewsymmetry condition (A. 5. 26) on the coefficients 5™'°'"-'^™'''', and 

since is the cardinality of the stabilizer of {Mq, . . . , M^) under the 

action of Sk+i, the first term in the RHS of (A.5.32) is equal to 

E\mo ,mfe mo,...,mfe 

mo,.--i"ifeSZ+ 

{fJ.o,■■■,^J.k)={Mo,■■■,^'h) 

Moreover, each monomial X^'^°^,^.~^^~^ \ ■ ■ ■ X^-i n which enters in the 

' a ^(0) a '-(1) a '-(k) 

second term of the RHS of (A.5.32) can be expanded, using Lemma A. 5. 3, 
as 

\Mo-N+n-h\Mi \Mk 
a-i(O) '^(T-i(l)" fT-i(fc) 

<T-_i{0) 

= E 5*f'''''''„;''^'^°~^"^'^~^''"'^"^'''^'A™°A™^ ^mkQY:^{J^Ii-mi)-N+n-h 

mo,...,m;,GZ+ 
(/iO-Ml=0 or 1) 

a-l(O) 

and, by the last statement of Lemma A. 5. 3, bmo^°}'mf'^° ^"'"'^ ^.■■■.^^(k) 
zero unless fiQ < Nq and, for fiQ = Nq, it is zero unless = M^.^^) — 
(5q,^o--i(o) (-^ — n+ h), for every a = 0, . . . , A;. In particular, since n < — 1, 
this coefficient is zero unless (jiQ, . . . , ^k) < {Mq, . . . , Mk). Putting together 
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the above observations, we can write {K o P) as 



(A.5.33) 



mo,.--i'TlS:SZ+ 

(^J.o,■■■,tJ.k)={^o,■■■,Mk) 



E 



m,o,...,mk&+ 
Mo— A'l=0 or 1 
{lj,o,...,lj,k)<{Mo,...,Mk) 



for some coefficients t^°'"i^'^ € J-. It follows that 5— {KoP) has a decom- 
position as in (A. 5. 30) where only terms with (/xq, • • • , Aifc) < (-^^O) • • • ) ^k) 
appear. Hence, by induction, we can reduce to the case when 5 has a de- 
composition as in (A. 5. 30) with Mq < N — 1. 

To conclude, we further reduce the monomials A™° . . . A^*" in the expan- 
sion (A. 5. 30) of S with /io = f^i using Lemma A. 5. 4. By property (iv) 
of Lemma A. 5. 4(b), the only monomials which enter in the obtained de- 
composition are such that ^ Mq -|- 1 < A^. Therefore, this S admits a 
decomposition as in (A. 5. 25) with M = N, completing the first step of the 
proof. 

Let then S have the following decomposition: 

N 

(A.5.34) 5.,,...,, (Ai, . . . , A.) = J] Ar . . . ^'s^-^ > 

mo,...,mfc=0 
(/xo-Mi = l) 

with coefficients s^'"^^*' skewsymmetric with respect to simultaneous per- 
mutations of upper and lower indices. We want to prove that there exists 
a skewsymmetric fc-differential operator P of degree at most A^ — 1 in each 
variable, 

(A.5.35) /^„,...,,(Ai,...,Afc)= ^r---Arc-;a, 

ni,.. .,71^=0 

with coefficients Pi^^'"i^'' € J- skewsymmetric with respect to the action of 
Sk = Perm(l, . . . ,k) on upper and lower indices simultaneously, satisfying 
equation (A.5.29). By (A.5.8) we have 

N N-i e 

no=Oni,...,nfe=0 j=l 
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and, by Lemma A. 5. 4, we get 
(A.5.36) 



(i^oP),„„„,^(Ai,...,Afc)= E E E E 



N N N-1 i 

p.(i,...,nk 



^mo,...,mk 



mo,.--,mfe=0 no=0 ni,...,nfc=0 j=l 
(Ato-Atl=l) 

A Aq . . . Aj^ U l-"-noj«o,Ji^j,n,...,jfc • 

In the RHS above we can take the sum over mo, • • • , rrik < N for the following 
reason. If no = N {> by property (v) of Lemma A. 5. 4(b), 

Cmo,.-'^mk is zero unless < vq = N , while, \i uq < N — \ we have, by 
property (iv) of Lemma A. 5. 4(b), that Cmo^iil^fe is zero unless /io ^ + 1 ^ 
— 1 + 1 = A^. Taking the skewsymmetrization of both sides of equation 
(A.5.36), we have, by (A. 5. 7) and by the symmetry property (ii) of Lemma 
A.5.4(b), 

N N N-1 e 

(i^oP),r_JAi,...,A.) = ^ E E E E 

mo,.--)™fc=0 '^0=0 ni,...,nj.=0 j=l 
(M0-Mi=1) 

(A.5.37) 



E na,ni,...,no,...,nk( \, »^l,■■■,'^fe 

Comparing equations (A. 5. 34) and (A.5.37), we get the following equation 

m¥[Xi,...,Xk](S)T: 

(A.5.38) 



N / N N-l t 

E^r---Ark^E E E^^'^"""''^(Co';:::"4(^nok. 



mo,...,mfc=0 \ no=0 ni,...,nj.=0 j = l 
(M0-Ati=l) 

ni,...,?ife _ na,ni,...,no,...,nfc/7>' y ni,...,nfe \ _ mo,...,mfc _ „ 

^ i^j,ii,...,ik Z^^mo,...,mfe l-^noJjc<,jP e i *«o,-,«fe j ~ 

The above equation should be read as an equation in the unknown variables 

0<ni,...,nfe<7V-l 

such that Pil^j-^'' '"'i'*' = ^'^EP-{'^)Pin i '"^''i every a € Sk, and the element 

(A.5.40) B = ^ l<^o,...,^.<i , 

0<mo,mi,...,mk<N 
(M0-Mi=1) 

skewsymmetric with respect to the action of S^+i, is given. To complete 
the proof of the theorem, we only need to show that this equation admits a 
solution. 
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Note that the coefficient of X"^" . . . A"'= in the LHS of (A.5.38) can be 



rewritten, up to the summand 
(A.5.41) 



Nik 
^ no,...,n,=0 j=l a=0 

and, in this form, it is manifestly skewsymmetric with respect to simultane- 
ous permutations of io; • • • j ^fc and '^o? ■ ■ ■ > "^fc- 

The variables P^^'j^'^^'^j^ are labeled by the index set 

I={1,...,£}'=+^ X {0,...,iV-l}\ 

On the other hand, since, by assumption, they are skewsymmetric with 
respect to simultaneous permutations of indices ni, . . . ,nfc and ji, - ■ ■ ,jk, 
we can say that the entries of the variable X are labeled by the iS^-orbits 
in A with trivial stabilizer, where = Perm{l, . . . ,k) acts on the element 
{{jo Ji, jk), {ni, ... ,nk)) hy fixing jo and permuting, simultaneously, the 
other entries. We therefore write X = {Pa)^^_^, where 

(A.5.42) ^ = jo; G A/Sk Stab(w) = {!}} , 

and, for 

(A.5.43) a = Sf {{joJi, ■ ■ ■ Jk), {m, . . ■ ,nu)) € A, 

we let Pa = 7 • "^^^ sign of pa is fixed by taking + for the unique 
representative of a with ni > n2 > • • • > and js > js+i if = ns+i- 
Similarly, the functions •s™'"'"^'™'" are labeled by the index set 

^={l,...,£}^+i X {(mo,...,mfc) G {0, . . . , A^}^+i | - W = l} , 

and since, by assumption, they are skewsymmetric with respect to simulta- 
neous permutations of indices mo, . . . , and zo, . . . , ifc, we can say that the 
entries of the given array B are labeled by the S'^+i-orbits in B with triv- 
ial stabilizer, where Sk+i = Perm{0, . . . ,k) acts diagonally on the element 
((io, . . . ,ik), {rn-o, ■ ■ ■ ,fnk))- We therefore write B = (■Sb)^^^, where 

(A.5.44) 5 = G B/Sk+i Stab(a;) = {1}} , 

and, for 

(A.5.45) b = Sk+i ■ {{io, . . . , ik), {mo, m^.)) G B , 

we let Sfe = ±s"^°'"'-^'' . As before, the sign of Sb is fixed by taking + for the 
unique representative of b with mo = mi + 1 > mi > • • • > m^ and is > z^+i 
if nis = rus+i. 

For a as in (A.5.43), we let 

(A.5.46) ip{a) = Sk+i • {{joJi, ■ ■ ■ Jk), (max(ni, . . . , n^) + 1, ni, . . . ,nfc)) . 
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It is not hard to check that 99 is a weh-defined bijective map A ^ B. In 
particular, the vectors X and B have the same number of entries. In fact, 

(A.5.47) #{A) = #{B) 



k 

Equation (A. 5. 38) is equivalent to the following equation 
(A.5.48) A{d){M{d)X - B) = 

where X and B are as in (A. 5. 39) and (A. 5. 40) respectively, and M{d) 
and A{d) are defined as follows. First, M{d) = (-^6,a(9))^gg given by 
(A. 5. 41), is the square matrix pseudodifferential operator with entries 
(A.5.49) 



"0=0 i=i 

? a \ 

nc,ni,...,no,...,nk(Ty' \, .X. . X. . X. . - A. . ) 



"0=0 i= 

k 

Q = l 



for a and b as in (A. 5. 43) and (A. 5. 45) respectively. Note that in order to 
say that the entries of the matrix M{d) can be labeled by the set B x A 
(and not by the set S x ^) we are using the fact that M{d)X, given by 
(A. 5. 41), is manifestly skewsymmetric with respect to the action of S^+i- 

To define A{d), consider first the map A from J-"^ to the space 2? of k- 
differential operators on of degree at most 2N — 1 in each variable, given 
hyB = {s'P°'j"''} ^ A{B), where 



A(s),,„„,,(Ai, ...,Xk) = — - • • • Ar^i: 



io,...,ik 



Note that ^ is a C-linear, not an J^-linear map, but the space V is in fact a fi- 
nite dimensional vector space over J^, say of dimension d, and, for any choice 
of basis of it, A becomes a d x #{B) matrix differential operator. We next 
consider J^^ as the subspace of J-^ consisting of the elements B = {s^°'"'-^''} 
skewsymmetric with respect to the action of S^+i- The restriction of A to 
the subspace J-^ C J-'^ is then a d x i^{B) matrix differential operator from 
J-^ to P, for any choice of basis of T) over (once we fix representatives, we 
can consider as a subset of B, and the matrix of A\jrB consists of the rows 
of the matrix of A corresponding to the indices in B). By Lemma A. 2. 5, 
we can choose a basis of T) such that the matrix for A\jrB : ^ P is 
in row echelon form, say with k pivots and d — k zero rows. We then let 
A{d) : J-^ the k x j^iJS) matrix differential operator given by the 

first k rows of this matrix. It is then clear from the above construction that 
equation (A. 5. 38) is equivalent to equation (A.5.48). Therefore, to prove 
the theorem, we need to show that, for every B € T''^ there exists X G T'^ 
solving equation (A.5.48). 
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Notice that, even though in the expression of the LHS of (A. 5. 38) there 
appear negative powers of d, we know that ah such negative powers can- 
cel out when we compute all the sums in (A. 5. 38), since this equation is 
the same as (A. 5. 29), which does not involve any negative power of d. In 
terms of equation (A. 5. 48) this means that, even though M{d) is a matrix 
pseudodifferential operator, the product A[d)M{d) is a matrix differential 
operator. 

By construction, A{d) is surjective, and its kernel consists of elements 
B = {s™'°'"^'™'°} solving equation (A. 5. 27). Hence, by Corollary A. 5. 10(b), 
it is of finite dimension over C. Therefore, by Theorem A. 3. 6(c), it is a 
square matrix differential operator with non zero determinant. 

Next, note that Lf,^a{d) has order less than or equal to Na — hi,, where, 
for a and b as in (A. 5. 43) and (A. 5. 45) respectively, 

k k 

(A.5.50) Na = N + "^ni , /i^ = ^ . 

i=l i=0 

The leading matrix associated to this majorant (see equation (A. 2. 4)) is 

M{0 = K,ae'^''-''06gB,ae^' ^^^^re 



m, — - ( f.N'ni,...,nks:. . r. . r. . 

'i''b,a ~ ^ _|_ 2 \ »"Ov,"ifc "«OJo"ji,n • • • "jfc,«fe 

k a. 

„no„ni,...,N,...,nkX. . X . . X . . - A. . ^ 



We want to prove that the leading matrix M(^) or, equivalently, M(l) (see 
(A. 2. 5)), is non degenerate. 

In order to prove this, we fix a total ordering of the sets A — B (identified 
via (p), and we prove that, with respect to this ordering, the matrix M(l) is 
lower triangular with non zero diagonal entries. 

Given elements b = Sk+i • {{io, ■ ■ ■ ,ik), {^o, ■ ■ ■ ,n^k)) G S and b' = 
Sk+i ■ {{i'o, 4), (m'o, . . . , m'^J) € B, we say that 6 > 6' if (^o, ■ ■ ■ , fJ-k) > 
{fiQ, . . . , fi'f^) in the lexicographic order, or {fiQ,. ■ ■ ,Hk) = (/^o, • • • , Mfe) ^^'^ 
b > b' in some total ordering of the remaining indices (which will play 
no role). Therefore, for a A and 6 S S as in (A. 5. 43) and (A. 5. 45) 
respectively, using the map (p we have that 6 > a if (^uq, /ii, . . . , /ifc) > 
(z^i + 1, 1^1, . . . , ffc) in the lexicographic order, or {fiQ, fii, . . . , fik) = {i^i + 
1, z^i, . . . , I'k) and b > ip{a) in some total ordering of the remaining indices. 

We want to prove that, with respect to this ordering, for a A and b G B, 
we have 

(A. 5. 51) rub^a = if 6 < a , and rrib^a 7^ if 6 = ip{a) . 

This follows from Lemma A. 5. 8. Indeed, for b < a, we have in particular 
that {fio,fii, . . . ,/ifc) < (j^i + 1,1^1, .. . ,i^k)- Hence, by Lemma A. 5. 8(a) and 
(b) we have ruh^a = unless (/io, /Ui, . . . , Hk) = ('^i + 1, i^ii • • • > i^k), and, in 
this case, by Lemma A.5.8(c) and (d), rrib^a = - — ^+1 Kjo^jiAi ■ --^jkAk- 
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Summarizing the above results, M{d) is a square matrix pseudodiffer- 
ential operator of size #{A) = with non degenerate leading matrix 

associated to the majorant (A. 5. 50), A{d) is a square matrix differential 
operator of the same size, with non zero determinant, and A{d)M(d) is 
a matrix differential operator. By Corollary A. 3. 8, it follows that equation 
(A. 5. 48) has a solution for every B, completing the proof of the theorem. □ 

Theorem A. 5. 12. Let T he a linearly closed differential field with subfield 
of constants C d T . Let k € and let K{d) G Mat£x£(-^[5]) be an i x i 
matrix differential operator of order N with invertible leading coefficient, 
over T . Then, the set of skew symmetric k-differential operators P on J-^ of 
degree at most N — 1 in each variable such that 

(A.5.52) {KoP)~=0, 
is a vector space over C of dimension 



d 



N£ 
k + 1 



Proof. As in the proof of Theorem A. 5. 11, for fc = we have P & J-^ and 
[K o P)~ = K{d)P. Hence, the statement follows from Corollary A. 3. 7 by 
taking the majorant A'^- = N\/j, hi = Vi of the matrix differential operator 
K{d). 

Let then k > 1. By the discussion in the proof of Theorem A. 5. 11, equa- 
tion (A.5.52) is the same as equation (A. 5. 48) with B = 0, and, moreover, 
by Corollary A. 3. 8, the space of solutions has dimension over C equal to 

(A.5.53) d = dimciKer A{d)) + J^(iVa - V")) ■ 

By the construction of the matrix differential operator A{d), the equation 
A{d)B = 0, for B = {5™°;;;^;"''=} G T'^, is equivalent to equation (A.5.27). 
Hence, by Corollary A. 5. 10(b), Ker(A(9)) has dimension over C equal to 
(A. 5. 28). Moreover, we have, recalling (A.5.42), (A. 5.46) and (A.5.50) (let- 
ting a G ^ as in (A.5.43)), 
(A.5.54) 

= ^ (iV - 1 - max(ni, . . . , Uk)) = -n - l)#|a £ A z^i = n| 

a<=A n=0 

V-1 



^{N -n-l) (^#|a eA z^i < nj - #|a G ^ z^i < 7^ - l} 

n=0 
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In the last identity we used equation (A. 5. 47), with — 1 replaced by n or 
n — 1. Putting together (A. 5. 28) and (A. 5. 54), we get 

-s(Cr;/o-G")-<--»<'''r'o-'-"'("/))' 

which is a telescopic sum equal to {^-^) , proving the theorem. □ 
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